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Note to the Reader 

You will find that sets of exercises appear in 
every chapter, and that answers to all of them 
appear in the back of the book. Before consult- 
ing the answers you will want to do your own 
figuring. For your convenience, working space 
has been provided beneath each exercise as 
needed. 
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1 . What is a set? 

2. What is a one-to-one correspondence? 

3. When are two sets equivalent? 

4. What basic ideas are involved in counting? 



Cover these dots ••••••••••••• with your hand. When you 

finish reading this sentence, uncover the dots for ju.st a second or two 
and try to decide how many dots are under your hand. How many dots 
are there? 

Were you able to determine the number of dots from a quick glance? 
Did you try to count them from a mental picture? Did you try to group 
them? 

In the early grades children need help in devel- 
oping an ability to count. For example, to find the 
number of crayons in this .set of crayons, one child 
might ’‘count”; 

“One, two, three, five, ten.” 

Another might rapidly chant: 

“One, two, three, four, five, six.” 

The first child skipped over certain numbers in his attempt at count- 
ing. The second child failed to pair each number with a crayon. 

In this chapter we shall explore the basic ideas of set, matching, 
number, order, and counting. These ideas can provide children with a 
.strong foundation for building an understanding of mathematics. 




set 



matching 



number 



order 



counting 



er|c 
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MATCHING SETS 

How can we decide whether or not there are enough seats in your 
classroom for your pupils without knowing the actual number of pupils 

or the number of seats in the room? 

Inherent in questions like this is the idea of pairing objects. We can 
try to pair each pupil with a seat. If we succeed in placing each child in a 
seat, then there are certainly enough seats for the children. If we run 
short of seats before every child is seated, then there are more children 
than seats. If there are seats left over, then there are fewer children than 
seats. When seals and children “match, there are just as many of the 
one as of the other. 

Primitive people used the ideas of pairing objects and matching sets. 

A hunter might report that he saw as many men as a dog has legs. 
Another might report that he caught as many fish as he has eyes. Notice 
that each reported in terms of model sets that were familiar or known to 
the person hearing the report. 

Young children discover the idea of matching early. They learn to 
match their feet with a pair of shoes, the fingers of the left hand with 
the fingers of the right hand, the cups and saucers on a table, and so on. 
They also discover that certain pairs of sets do not match; “Jim has 
more blocks than Mary.” They recognize that if two sets cannot be 
matched, one of these sets has more members than the other. 

Before w'e look more carefully at matching, let us look at the idea of 
‘dset of things. In mathematics, the term “set” is used to mean a collec- 
tion or aggregation or group of objects or ideas. For example, a set of 
tools might consist of a hammer, a screwdriver, and a saw. The ham- 
mer, the screwdriver, and the saw are called members or elements of this 
set of tools. A desk set might consist of a pen, a pencil, a penholder, a 
blotter, and a letter opener. A set might consist of the colors red, orange, 
and yellow. Another set might consist of the number 3 and the color 

blue. 

One way to specify a set is shown below; 

{Henry, John, Bill] 

This is read; “The set whose members are Henry, John, and Bill.” The 
names of the members of the set are enclosed in braces and separated by 
commas. 

For convenience, the set may be designated by a single symbol, fre- 
quently by a capital letter. 

A = {John, Henry, Bill). 
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Wc read this: “A is the set whose members are Henry, John, and Bill.” 

The members of a set need not be 
related to each other in any special 
way (for example, see set B). However, 
we should be able to tell whether a 
given object belongs to the set or does 
not belong to the set. 

Now let us consider two other sets. 

C is the set consisting of a plane, a 
boat, and a car. D is the set consisting of a hammer, a saw, and a ruler. 
How can we pair the members of these two sets? Below we see three 
ways to pair the members; the double arrows show the pairing. 

plaM boat car 

\ \ \ 

hammtr saw rular 

plana toat car plana boat car 

X / t 

hammar saw rular hammar saw rular 

Each way of pairing shows that the two sets match. There are also 
other w?:ys to match these two sets. 

Notice that, in any one of these ways of pairing the members of the 
two sets, each member of set C was paired with a member of set D, and 
each member of set D was paired with a member of set C. In no case 
are two members of either set paired with the same member of the other 
set. Children might say that the sets match because there is “none left 
over,” meaning that no member of either set is left without a “partner” 
in the other set. 

When we have such a pairing between the elements of two 
sets, we say that a one-to-one correspondence has been 
established between the two sets. 

Early elementary school children need not use the language “one-to- 
one correspondence,” but they should be able to recognize when two 
sets “match” and when they do not match. Both of these situations are 
important. However, at this stage we shall concentrate on the case 
where sets match. 

•Note.— /« the exercise sets that follow, both in this chapter and 
throughout the book, working space is provided after each exercise for your 
convenience in figuring. {A nswers to all exercises appear at the back of 
the book.) 



B = jchair, moon, c, dollj. 



C - [piano, boat, car}. 

D = [hammar, saw, rular}. 
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Exercise Set 1 

1. Tell how to decide without counting whether or not there are as many 
dots below as there are fingers on two hands. 













• • 












2. Suppose you do not know how many chairs there are in the school library, 
nor how many people there are on the school staff. How could you decide in 
advance, without counting, whether or not there are enough chairs for the staff 
to hold a meeting in the library? 



3. Directing your attention again to Exercise 2, name the three possibilities 
that exist when comparing the set of people on the school staff and the set of 
chairs in the school library. 



4 . Write the names of the days oi a week within a pair of braces. Name the 
set thus indicated with a capital letter, A . 



5. Display one pairing of the elements of set 
and the elements of set A from Exercise 4. B = [o, b. c. d. e.f, gj 



6. When can we say that a one-to-one correspondence has been established 
between two sets? 



7. Below are five sets. For which pairs of these sets can we establish a one-to- 
one correspondence? 



A = [a. b. c|. O = (dog, sun. Bill, eraser). 

B = (chair, comb, Mary, Jane). E = (pencil, pen, book). 

C = (orange). 
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8. For sets A and E in Exercise 7, show six ways to pair the elements. (If you 
are ever asked to produce all possible matchings of your fingers and your toes, 
don't do it. There are 3,628,800 matchings!) 



NUMBER 

We have considered the idea of a set as a collection of things which 
may be physical objects or abstract ideas. We have also considered the 
notion of pairing the members of sets. Now suppose that at the be- 
ginning of a school year you were given a set of class record cards. You 
might pair a record card from the set of record cards with a student 
from the set of students, if each record card were paired with a pupil 
and each pupil were paired with a record card, we could say the two 
sets have a one-to-one correspondence; that is, they match. 

Now let us see how the idea of matching is related to the idea of 
number. 

Early man used a matching process. For example, he might have 
made a tally mark, or cut a notch in a piece of wood, or gathered a 
pebble for each animal he saw. He then told others that he saw as many 
animals as the marks or pebbles he displayed. 

Young children also use the idea of matching. In a typical situation 
two boys might notice that their toy airplanes match because they can 
pair them “one-for-one.” This primitive notion of one-to-one corre- 
spondence, or matching, leads to the idea of “as many as,” and this in 
turn leads to the idea of “number.” Let us sec how this development 
comes about. 

The sets A and B indicated here can 
be matched. Sets A and C can also be 
matched, as can sets B and C. 

Two sets, such as A and C, whose 
members can be paired in a one-to- 
one correspondence are said to be equivalent. (This is not the same as 
saying the sets are equal. Equal sets have exactly the same members. 
Equivalent sets can have different members.) Imagine other sets that 
are equivalent to set A, to set B, and to set C — for e?;ample, {hammer, 
moon, tree). 

A collection consisting of the sets fi, and C above is an example of 
what we shall call a family of sets. In general, we shall call a collection 
of sets in which any two sets are equivalent a family. Any two sets in 
such a collection can be matched in a one-to-one correspondence. 



/i = jjohn, P«t«r. hat|. 

B = {comb, dish, pancilj. 
C =.|sho«, chair:, orangaj. 
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If two sets are not equivalent, they cannot be in the same family. For 
example, consider the set 

D = {square, triangle, circle, diamond). 



Could set D be in the same family with sets A, B, and C above? Clearly 
not, because D is not equivalent ioA,B, or C. 

Suppose we were to form a family of sets including set Z) as a member. 
All the sets in this new family would be equivalent to set D. None of 

them would be equivalent to sets A, B^ ot C above. 

Consider the set of lakes known as the Great Lakes. Can this set 

belong in a family together with set Z)? 

Why, or why not? 

Sets £, f. and G can form a family 
of sets. Why? Give some other ex- 
amples of sets that can belong in a 
family that also contains £, £, and G 
as members. 

To summarize: From our definition of a family it follows that every 
two sets in the same family are equivalent. This means that if we select 
any two sets from the same far.ily, the elements of the sets can be 
paired one-to-one. 

Now we are ready to think of niimher. Consider a family that con- 
tains set E above. Unofficially we feel that each set in this family has 
two members. “Twoness” is a common property (characteristic) shared 
by all the sets in this family. Similarly, imagine a family of sets where 
one of the sets is the set of fingers on one hand. The set of lakes called 
the Great Lakes is another eligible member of this same family. “Five- 
ness” is a common property of these sets. When a child recognizes 
which sets are eligible for membership in this family, he is beginning to 
form an idea of the number “five.” 

To communicate ideas, we u.se words or symbols. We have special 
words and symbols for talking about numbers. To convey the number 
idea or common property of a family of sets that includes the set of 
Great Lakes, we use the words “five,” or cinq (French), or pyet 
(Russian), or others. The words describing this number idea are dif- 
ferent, but they refer to only one number idea. Of course, we can write 
the symbols “5,” “V,” “V’ or other symbols to refer to the number 
of elements in the set of Great Lakes. A symbol such as 5 is not the 
number five; it is simply one way to name the number five. We shall see 
that there are many other ways. 

In order to denote numbers, we use symbols called numerals. Thus 



£ = {window, door). 
F = {hand, swing). 

6 = { pan. pencil). 
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“5” or “five” are numerals used to convey the idea of the common 
properly of a particular family of sets. When we write the word “Eng- 
land,” we are writing the name of a country. Similarly, when we write 
the numeral “5," we are writing a name for a number. We can change 
the number symbol “5” to “V,” but we do not change the number idea 
in our minds. 

As children learn to recognize the 
number properly of a set of elements 
such as set A, they learn to associate 
the number 4 with this set. 

To indicate that 4 is associated with set A, we have a standard 
symbolism. To show that set A has 4 elements, we can write “«(/!) = 4,” 
which may be read in any of the following ways: 

The number of elements in set A is four. 

The number properly of set A is four. 

The number associated with set A is four. 

The number of set A is four. 

We shall use the symbol n(A) for our discussion. 



A = |comb, book, clock, applej. 



Exercise Set 2 

1. How can you decide whether or not two sets can belong to the same family? 



2. What common properly do any two sets in a family of sets have? 



3. When we write n(D) = 7, how many members are we asserting there are in 
set D? 



4 . Give an illustration of a set £) such that n(D) - 7. 



5. List the elements of another set that can be in the same family of sets as 
set D of Exercise 4. 
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6 . What docs n{D) = n{E) mean? 



7. What number is associated with any set in a family of sets to which D 
of Exercise 3 belongs? 



ORDER 

We have seen how matching is involved in developing the idea of a 
famiiy of equivalent sets and how the idea of number as a common 
property emerges for each family. Numerals, or number names, were 
invented to communicate number ideas. Our next task is to determine a 
suitable family for any given set. 

Imagine that we have set up some families of sets. We shall refer to 
each family by the number property of that family. For example; 

Family 1 — a collection of sets, each in one-to-one correspondence 
with the set of tallies / 

Family 2 — a collection of sets, each in one-to-one correspondence 
with the set of tallies // 

Family 4 — a collection of sets, each in one-to-one correspondence 
with the set of tallies //// 

Family 9 — ^a collection of sets, each in one-to-one correspondence 
with the set of tallies ///// //// 

Now to decide the number of elements in set 
/I, it is only necessary to decide to which fam- 
ily set A can belong. To do this, a child might 
match set A with a set from one of the above families whose number is 
already known. When, for example, he finds a set that can be matched 
(placed in one-to-one correspondence) with set /I, then set A can belong 
to the same family as that set. He will find that set A matches a set 
from Family 4. Therefore, set A can belong to Family 4 because the 

number of elements in set /I is 4. 

This procedure of determining the number of elements in a set by 
matching it with a set from a particular family works well for sets with a 
small number of elements. If a set contains 173 elements, this procedure 
of matching is cumbersome and needs to be refined. One way of doing 
this is by counting. We have grown so accustomed to counting that we 
count automatically. Nevertheless, let us examine counting a little more 

closely. 

Counting depend.s on the fact that there is a natural order among 
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numbers. This natural order stems from the fact that often sets cannot 
be made to match. 

Suppose that a child does not know 
that set A has more elements than set 

If he tries to pair the boys from set 
A with the girls from set B, he soon 
realizes that these sets cannot be made 
to match. No matter how he tries to pair the members of these sets, he 
finds that a member of set A is “left over.” Therefore, he orders the .sets 
and says, “There are more boys than girls.” 

The child’s matching c*’ 'he set of girls with “part” of set A gives us a 
hint as to how to order nonst.atching sets such as A and B above. Now 
consider set C, namely (Ed, Richard, Bill). Observe that a!! of its ele- 
ments are members of set A, so that set C is actually a “part” of set A. 
But set C matches set B. Thus, a “part” of set A can be matched with 
all of set B. When this happens, we say that A has more elements than B 
or that the number of set A is greater than the number of set B. We also 
say that B has fewer elements than A or that the number of set B is less 
than the number of set 

We have said that set C is “part” of set A. Because every member of 
set C is also a member of set we say that set C is a subset of set A. In 
general, if every member of set X is also a member of set T, then it is 
customary to say that AT is a subset of Y. Notice that, according to this 
definition, every .;et AT is a subset of itself (because every member of X is 
surely a member of A'!). Returning to the above example, where set C 
is a subset of set A, observe that set A is not a subset of set C. Notice 
that there is a member of set A (namely, Ralph) which is not a member 
of the subset C. Because of this we also call C a proper subset of A. In 
general, when set A' is a subset of set Y and there is an element in set Y 
that is not in set A', then we say that set X is ‘d proper subset of set Y. 

As another example, consider the 
sets D and £. To show that the num- 
ber of set E is less than the number 
of set D, we must show that set E can 
be placed in a one-to-one correspondence with a “part” or proper sub- 
set of set D. 

This is easy to do. Consider a proper subset of D consisting of Henry 
and the banana. This proper subset of Z)— that is, (Henry, banana) 
— can be matched one-to-one with set E. (The pairing can be achieved 
by thinking of Henry on the chair and the banana on the table.) There- 
fore the number of set E is less than the number of set D. It can be 
shown that the number of any set equivalent to E is less than the num- 
ber of any set equivalent to D. 



D = (□, A, Henry, banana). 
E = (chair, table). 



A = (Ed, Richard, Bill, Ralph). 
B = (Pat, Irene, Sonia). 

C = (Ed, Richard, Bill). 
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The number of set D is 4. The number of set E is 2. To indicate that 2 
is less than 4, we write “2 < 4,” which is read: “Two is less than four.” 
We can show that set F is equivalent 
to a proper subset of set G. (For ex- 
ample, pair dog with tree!) Therefore, 

1 is less than 5. We write “1 < 5,” 
which is read; “One is less than five. ’ 

So we can use the matching of sets to decide upon the order of 
numbers. For example, we have just seen that 2 is less than 4 and 1 is 
less than 5. In the same manner we can establish that 

1 < 2, 2 < 3, 3 < 4, 4 < 5, 5 < 6, 




and so on. 

Thus, using the basic idea of matching sets and subsets, the teacher 
can structure children’s experiences so as to develop the ideas of 
number and order among numbers. In doing this, the teacher may pre- 
fer to use informal language. 



Exercise Set 3 

1. Which of the sets indicated beiow arc subsets of set G? G = (block, 
crayon, paper}. 

A = (block). C = (paper). E = jtoy, crayon). 

B = (crayon). D = (block, crayon). F = (block, crayon, paper). 



2. Which of the sets i.s Exercise 1 are proper subsets of set C? 



3. Show that set A can be matched 
one-to-one with a subset of set B. 



A = (Mary, John). 

B = (black, pencil, pen). 



4 . If, in Exercise 3, set A can be matched with a proper subset of B, what 
can be said of the number of set A and the number of set B? 
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5. How do you read “2 < 3”? 



6. What does "n{A) < n{B)" mean? 



7, Make up two sets (caii them ”E” and ”F") to show that 



< 2 . 



8 . Make up two sets (call them “/?” and “S”) to show that n{R) < fi(S). 



COUNTING 

We have established a procedure for ordering numbers. Listed in 
order, they are I, 2, 3, 4, 5, 6 ,..., with the three dots to indicate that 
the pattern continues without end. The next number may always be 
obtained by adding I to the preceding number. (The notion of adding 
will be carefully examined in a later unit on addition.) 

Another way to develop the idea of numbers in order is to begin with 
a representative set which could be in Family I . 

This set contains a single element. Now form a 
new set consisting of this element together 
with another element. This new set is in Family 
2. In a similar manner, by including still an- 
other element, we form a set in Family 3, and 
so on. 

You will recall (see page 8) that to decide the number of elements in 
a given set, it is niy necessary to find a family to which it can be'ong. 
It has that family number. This is easily done for sets with a small 
number of elements. But if a set contains a great many members, and 
we do not know the number of elements and want to find out, the above 
procedure neods to be refined. Counting is a refinement of the above 
procedure. 

Now we are ready to make THE BIG STEP. Suppose we want to find 
the number of some set. We can do this by pairing the objects oj that set 
with the numbers in the let of ordered numbers. 



Family 1 : 

Family 2: (x^ 
Family 3:^^ 
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For example, here is pictured a set of marbles. 

Let us consider this the set whose number we are 
trying to find. If we go back to matching objects, 
we can select a representative sec from a family 
whose number is known and try lo match this set 
shown below; 

Family Family etc. 
6 7 

X X 

X X 

X X 

X X 

X X 

X X 

X 



We attempt to pair the marbles with the members of the various repre- 
sentative sets until a one-to-one correspondence is established. In this 
case, the set of marbles matches a set in the 5 family. 

Of course, it is inconvenient to carry around a representative set of 
X’s, or recks, or sticks, or any other objects. A giant step in man’s 
mathematical development (and also in the child's) was taken when 
man realized that he could always “carry” the numbers with him. 

INSTEAD OF PAIRING WITH OBJECTS, WE PAIR WITH 
NUMBERS. Let us now find the number of marbles in the set by pair- 
ing marbles with numbers. 



Family Family Family Family 




Family 
5 
X 
X 
X 
X 
X 



o 

© 3 (H 

with the marbles as 




6 etc. 

X 

X 

X 

X 

X 

X 



Remember, the numbers are ordered. So begin by pairing any marble 
with I. Any other is then paired with the next number in order— 2. 

— 12 — 
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This pairing continues until each marble is paired with a number. 

The last ordered mimher paired with a marble is the number 
that " counts ‘ the set of marbles. 

Therefore, there are five marbles >n the set. 

To find how many objects are in a .set, you simply count, or pair 
each object w ith a number in order. The number paired with the last 
object to be accounted for i.s the number of objects in the .set. V\ hen a 
child can perform this pairing to find the number of objects in a set, 
then he has truly learned to count. 

1 2 3 4 5 6 7 8 9 10 11 12 13 



It is interesting to note that ^ ^ ^ ^ ^ ® ® 

the members of a set, such as 
set B, may be taken in any 
order when we count them. 

For example, the chair may be 
selected first, but it must then be paired with 1; the next object selected, 
say the brush, must be paired with the next number in order, 2- and 
so on. The last number in order with which a member of a set is paired 
is t*'e number of members of the set. 

Why is it that the last number in order with which a member of a set 
is paired is the number of elements in that set? The reason is to be found 
in a rather remarkable fact that is often overlooked. Suppose that from 
the entire set of ordered numbers {1, 2, 3, 4,...} we select any proper 
subset consisting of consecutive numbers listed in order beginning with 
1. For example, we might select {1, 2, 3, 4, 5). The remarkable fact is 
that the number of elements in this proper sub.set is the last member of 
this set when the members are named in order. As another example, 
think of the subset 1 1 , 2, 3, 4, 5, 6, 7, 8}. Again, the number of elements 
in the subset is the last member of the subset when the elements are 
arranged in order. 

When we counted the number of 
marbles in the set, we were actually 
matching the set of marbles with a 
certain ordered sub.set of the ordered 
set of numbers. We know the number 
of elements in the subset of numbers. 

Therefore, the set of marbles can 




B = |comb, brush, chair, dogj 
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belong to the same family as the sel {1, 2, 3. 4, 5| and has the same 
number properly. 

However, when we count, we accept this “obvious” fact and simply 
say that the number of elements in a sel is the last number (in our 
ordered sel of numbers) with which a member of the sel is paired . 

The sel of numbers {1, 2, 3, 4, 5,...}, which we have used to count 
elements of a sel, is called the sel of counting niunhers. This sel of 
numbers is also called the sel of natural numbers. 

In our discussion of families of sets, we did not mention a certain 
special family. It is special because this family has only a single set. 
Think of the sel of children over 12 feel tall in your class. How many 
children are in this sel? Think of the sel of all U.S. presidents born be- 
fore 1492. How many elements are in this set? If a .set has no elements at 
all, we call it the empty sel and represent it with the symbol Since 
any example of the empty sel contains the same members (namely, no 
members!), we say there is only one empty sel and call it the empty sel. 
The number assigned to the empty sel is 0; that is, /;({}) = 0. 

Let us form a new sel consisting of 0 together with the counting 
numbers: {O, 1 , 2, 3, 4, 5,...). This sel is called the sel of whole numbers. 
(Some mathematicians prefer to call the .set {0, 1, 2, 3, 4, 5,... | the sel of 
natural numbers. Unfortunately, there is no unanimity on this score.) 



Exercise Set 4 



1. The members of set A can be counted in 
six different ways. Two of these ways are 
shown at the right. Find the other four ways. 





2. In Exercise I, for each of the six different ways that you counted the ele- 
ments in set A., what was the last number matched with an element from set Al 



3. How would you describe counting? 
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4 . What is the least number in the set of counting numbers? 



5. What is the least number in the set of whole numbers? 



6 . Give an example of a set that has no members. What do we call such a set? 



SUMMARY 



^ ^ 


^ ~ 




j set 


matching 


number 


order 


counting 1 



The ideas indicated here form a firm and necessary foundation on 
which children can build mathematical understanding. Teachers need 
to structure experiences for the children so that these ideas take on 
deeper meaning. 

Let us review the ideas of sets, matching, number, order, and count- 
ing. One activity that might be used is suggested below. 

Begin with two sets — a set A of children sitting around a table and a 
set B of crayons in a box on the table. Each child is asked to take a 
crayon from the box. There are three possibilities: 

1 . There are more crayons than children. The set 
of children can be matched one-to-one with a 
proper subset of the set of crayons. 

Bill Jim Ann Mary 

2. There are as many crayons as children. The 
set of crayons and the set of children are equivalent. 

(Each member of one set can be paired with a 
member of the second set in such a manner that 
each member of the second set is also paired with a 
member of the first set. In no case are two mem- 
bers of either set paired with the same member of 
the other set.) Bin Jim Ann Mary 






— 15 - 



Mathematics for Elementary School Teachers 



3. There are more children than crayons. The set 
of crayons can be matched one-to-one with a 
proper sub.set of the .set of children. 




When children attempt to match two given sets A and B, they soon 
recognize that there are these three possibilities. There are three corre- 
sponding possibilities for any pair of numbers a and h: 

a < h, a = b, b < a. 

The teacher should develop situations in which equivalent sets are 
involved. The children can collect families of equivalent sets. They 
should be helped to realize that there are equivalent sets in their class- 
room. For example, there may be four chairs around a table, four 
books on the table, and so on. The children should be helped to match 
a set of books with a set of crayons, or with a set of papers, or with 
some other .set. When sets match, they may be thought of as belonging 
to a particular family of sets. When a child begins to recognize that all 
these set.; in a family have something in common, the child begins to 
develop an idea of number, such as number 4. 

With the idea that some sets can be matched with a proper subset of 
set, the idea of ordering of numbers can be developed. For example, 
children may begin to develop ideas of 4 
and 5 from families of sets. Now if they 
.see that set G is matched one-to-one w'ith 
a proper subset of F (F has something 
“left over”), they can be led to under- 
stand that 4 is less than 5, or 4 < 5. 

When children begin to understand matching, number, and ordering 

of numbers, they are ready to count. To count the number of words on 
this page, they would pair each word with the counting numbers in 
order: 1, 2, 3, 4, 5, 6 ,... . 

Teachers have realized that TH E BIG STEP is taken when children go 
from pairing objects with objects (for example, chairs with crayons) to 
pairing members of a set with the counting numbers in order. 

The set of numbers {1, 2, 3, 4, 5,...| is called the set of counting 
numbers. 

The set consisting of 0 together with all the counting numbers is the 
set of whole numbers: 

(0, 1,2, 3,4,...}. 



F = b, c, d. ®J. 
G = {□, 0,A,v|. 
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DEVELOPMENT OF 
OUR DECIMAL 
NUMERATION SYSTEM 




XXII 

XI 

II 

XXX 



1 . Why is our familiar numeration system 
called a decimal numeration system? 

2. What is meant by place value? 

3. What are the basic ingredients of our 
decimal numeration system? 

4. What is expanded notation? 



Suppose you wanted your pupils to memorize the names of 10,000 
persons listed in a telephone book, and to recite these names in order! 
Wild idea? Extremely difficult to do? Yet you may have already taught 
pupils to recite (if you asked them) many more than 10,000 names in 
order. These are the names of numbers. 

How is it possible for pupils in the years they spend in elementary 
school to learn to write names for thousands and even millions of num- 
bers? The answer, of course, is that we teach pupils to use a remarkable 
system for representing numbers — the Hindu-Arabic system of numera- 
tion with its ten basic symbols or digits. 

0, 1,2, 3, 4, 5, 6, 7, 8,9 



A LOOK BACK 

A better appreciation and understanding of our system of numeration 
may be gained by examining some early systems of numeration. Ele- 
ments of these early systems play a part in the system we use today. 

The earliest and simplest system was based upon one-to-one 
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correspondence. For example, when a primitive man saw animals in the 
forest, he might have wished to let his tribe know how many he saw. He 
could not carry back the animals to show the tribe, but he could carry- 
back sticks or rocks or any other available objects. He might have dis- 
covered he could pair the animals with the fingers of his hands and show 
how many with his fingers. This would certainly be easier than carrying 
back rocks. 

As the need arose for representing greater numbers, our primitive man 
ran into trouble. Can you imagine him staggering back to the tribe with 
25 rocks, 87 rocks, or perhaps even 100 rocks in his hands to indicate 
that he had seen that many animals? As man progressed, he had to in- 
vent a simple and effective method for representing large numbers. 

Imagine how we might check the attendance of a class returning from 
lunch if we were teaching in those primitive days. We might drop 
a pebble into a bowl for each pupil entering our “classroom.” When 
the bowl was filled with pebbles, we could place a rock to one side to 
show the bowl was filled and then empty the bowl. Then we would start 
over again. In those old days you 
might have had a class size as 
shown at the right. The diagram 
indicates that the number attend- 
ing was as many as five bowlfuls 
of pebbles (represented by the 
five rocks) and three more peb- 
bles in the unfilled bowl. (This crude method assumes, of course, that 
the bowl held the same number of pebbles each time.) 

Manipulative materials alone served man’s needs for a long time. 
Later he invented written symbols as a more convenient way of record- 
ing and communicating number ideas. You 
have probably used one of the earliest and 
simplest systems for expressing numbers 
when you have recorded votes for class officers. 

One symbol (tally mark) is repeated for each 
vote cast. Now suppose you wished to record 
John’s total vote in a notebook. You could 
record ////////////, or //// //, as shown in the illustration . 

Even ancient civilizations such as the Egyptian, some five thousand 
years ago, realized that it would be too unwieldy to write as many tally 
marks as the number of objects recorded. Think of expressing a million 
in this manner. So the Egyptians decided to use I for one, II for two. III 
for three, and so on up to nine. However, when they reached ten, they 
introduced a new symbol. The Egyptians wrote D for ten. 

You might wonder why a new symbol was invented for ten and not 



For Cfoss Prosidont 


John 


m m n 


Jim 


m //// 


Bill 


m // 



O O O O O 



rocks 




bowl of 
pobblos 




— 18 — 



Development of Our Decimal Numeration System 



for four or seven or any other number up to ten. It is generally believed 
that becau.se the ten fingers were so obviously available to be used for 
counting, objects were counted and grouped 
by tens. Therefore a special or new symbol 
was invented for ten, a different symbol for 
ten groups of ten, another symbol for ten 
groups of ten groups of ten, and so on. We 
can see this dependence upon tens in the 
ancient Egyptian system of writing num- 
ber names. 

Now a .system requires more than just a set of symbols. It also re- 
quires some scheme or plan for combining the symbols. The Egyptians 
could express all the counting numbers from 1 through 99 with the use 
of only the two different symbols I and D . For example, DD III meant 
23. If n meant ten and I meant one, what plan did the Egyptians use 
when they wrote 00 HI for 23? Since 0 meant ten, 00 meant ten + 
ten. Furthermore, III meant one + one + one, or three. So 00 Ml meant 
10 + 10 + 1 + 1 + 1, or 23. This is an illustration of what we mean 
when we say that the ancient Egyptians used an addition principle in 
their system of writing numerals. 



Egyptian 


Hindu-Arabic 


System 


System 


1 


1 


n 


10 


9 


100 




1,000 



Exercise Set 1 



I. If in the Egyptian system I = 1,0= 10, and 9 = 100, what do the fol- 
lowing numerals mean? 



•. INI o. 'T\ 

b. 0l e. 99 

c. nnoiM f. 990011 



g. 99 OOOO 11 II 

h. 9999999IIIIIIII 

i. 99999OOOOO11111 



2 . Express 345 with Egyptian symbols. 



3. The Egyptians invented symbols for 1 (I), for 10 (0). for 10 10 (9), 

for 10 X 10 X 10 (^), for 10 x 10 x 10 x 10 ( ^ and so on. 

a. How did they represent 1,000? 

b. How did they represent 10,000? 

c. If they were to continue in the same pattern, what did they have to do 
to represent 100,000? 

d. What did they have to do to represent 1,000,000? 
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•. How many symbols did they need to represent numbers in the millions? 
f. What would they have to do to represent numbers in the billions? 



4 . In the Roman system, I = I, V = 5, L = 50, C = 100, D = 500, 
M = l,vXX). What do the following numerals mean? 



a. II d. LXVI 

b. VII a. CCLXXVIII 

c. XXVII f. DXII 



g. MXII 

h. MMCCXI 

i. CCCLXXXIII 



(Note that each item in this exercise uses an addition principle. The Romans 
also used a subtraction principle — for example, in IV, XL, etc.) 



5. When we write 23, we mean 20 + 3. In what respect does this resemble 
the plan used by the Egyptians and th^omans? 




6. The Babylonians used T ior I, and ^ for 10. What number do you think 



they meant by 






7. What does the Babylonian numeral mean? 



9. As shown in Exercises 6 and 7, what plan did the Babylonians 
use in writing their numerals? 



POSITION IN A NUMERAL 

If you were a teacher in ancient Egypt, one of your pupils might re- 
port that the number of parchments borrowed from Pyramid Library 
was “ nnill.” Another pupil might report “Minn.” In both reports, 
the children indicated that 23 parchments were borrowed. Notice 
that nrilll and 11100 represented the same number, but the numerals 
looked different. The position of the symbols in the Egyptian system 
was not important. In our system, however, 23 and 32 are names for 
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different numbers. In our system, the position of symbols is important. 

The idea of positional value of number symbols seems to have been 
used by such ancients as the Babylonians some thousands of years ago. 
Remember, the Babylonians used T for f ^nd ^ for 10. They repeated 
symbols and used an additive principle. For numbers 60 or more, they 
introduced the idea of positional value, as shown in this table. 



Positions 


Number 


Sixty 


One 








32 




T 


1 


T 




60 




TT 


2 


TT 




120 


T 


T 


61 


It is interesting 


to note that T 


might represent one or sixty; 


TT might represent two, or one 


hundred twenty, or sixty-one. 


The context enabled one to decide how to interpret the symbol. 




Exercise Set 2 


1. What number is 


represented by each of the Babylonian numerals below? 




Sixty 


One 


a. 




<TT 


b. 


T 


Tt 


c. 


< 


< 


d. 


« 


TTT 


a. 


«▼ 


«T 



2. What number is represented by the numeral in the following sentences? 

a. John and Bill are TT boys. 

b. "^hereare <TT eggs in a dozen. 
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c. There are TT «TTTT eggs in a gross. 

d. There are T minutes in an hour. 



GROUPING, SHORTHAND, AND NUMERALS 

We have .seen that the ancient Egyptian, Babylonian, and Roman 
.systems for expressing numbers posses.sed two or more of these features: 

1. A small set of number symbols (for example, the Roman symbols 
I,V,X, L,C, D,M) 

2. The addition principle- as used, for example, by the Egyptians 

( 99 nnni = 100+100+10+10+10+1.) 

3. Positional value- as used, for example, by the Babylonians 
(TT<’^ = 2 X 60 + 2 X 10.) 



Why aren’t these systems used today? At the right are some addition 
examples as we might set them up 



Egyptian 


Babylonian 


Roman 


nnii 

+ n 1 


<<TT 
+ <T 


XXII 
+ XI 



but expressed with number sym- 
bols of the past. Compute the 
sum in each case. There are no 
addition facts to learn here. There 
is nothing to memorize. In 
each case all a person has to do is 
to copy down all the symbols. For .. 
example, the sum is 000.111, 
be easier ? \ ’ 

Suppose we want to compute the 
product of two numbers expressed 
■n Egyptian symbols. We might start 
the computation as shown at the 
right. Only the first four partial prod- 
ucts are shown. We still have to 
compute products involving the tens. 

Care to try to finish the example? It 
does become somewhat cumbersome 
to work with the.se symbols. We can see why the ancients u.sed devices 
such as the abacus to help them do their computation. 

Although it is decidedly more convenient to compute in our (Hindu- 
Arabic) system than in any of the earlier ones, nevertheless our sy.stem 
actually uses the same fundamental ideas. To see how this comes about, 
imagine you are back teaching in ancient times. A child takes attendance 



or XXXm. What could 
nnniiiiii!i 

X nflim 

nnniiiiiiii 

nnn mimi 

nnriiiiiiiii 

nnniiiiiiii 

(not completed) 
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for you by making a tally mark for each child who enters your “class- 
room.” Here are how many children are present: 

///////////////////////////////////////////////////////// 



(They had no problem of class s‘ £e in those days!) 

When you ask the child how many are present, he finds it is difficult 
and hard going to count one by one. So he groups the tally marks 





(777^ g/ZZ) <wn 
waW E7>' / 



and reports to you: “Fourteen groups of four and one more.” 

You tell him that the principal has asked all the teachers to report 
attendance by groups of ten. So he groups the tally marks again 

mrmTD 

/////// 



and reports to you: “Five tens and seven more.” 



You write attendance: 5 tens + 7 ones 

Now imagine that after .some time 
you get tired of writing 5 tens + 7 ones 

and you begin a shorthand: 5 7 



On one occasion when you are quite rushed you write: ... 57 
When the principal sees your attendance report, he immediately 
.sends for you. 

“What in the world does '5T mean?” 

So you explain to the principal your shorthand or abbreviated form 
for expressing numbers. The position of the “5” in “57” is important. 
The “5” tells the number of ten.s, and the “7” tells the number of ones. 
Once the principal understands your abbreviation “57,” he asks 
all teachers to learn the shorthand ba.sed on position value of digits. 
Everyone agrees, once he has learned the plan behind the shorthand, 
that it .saves time to write “57” to mean 5 tens and 7 ones. 




Exercise Set 3 

1. Group the X’s and express the numbers of X’s in terms of fours and ones. 

xxxxxxxxxxxxxxxxxxxxxxxxxxxx 
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2. Group the X's by five and express the number of X's in terms of fives and 
ones. 

xxxxxxxxxxxxxxxxxxxxxxxxxxxx 



3. Group the X's by tens and express the number of X's in terms of tens and 
ones. 

XXXXXXXXXXXXXXXXXXXXXXXXXXXX 



4 . Write an abbreviation for 3 tens + 3 ones. 

////////// ////////// ////////// m 



5. Write an abbreviation for 4 tens and 2 ones. 

////////// ////////// ////////// ////////// // 

PLACE VALUE 

If a stationery sales clerk recorded the number of envelopes sold, he 
could u.se any of the ways 
shown at the right. However, 
we would know the meaning 
of the last two abbreviations 
(read: four-three) only if we 
knew the clerk's plan for ab- 
breviation. We would have to 
know that the “4” refers to 
four sixes. 43 

The clerk could also record the same number of envelopes sold (using 
groups of ten) in any of the ways shown. Again, we would know the 
meaning of the last two abbreviations only if we knew the clerk’s plan 
for his abbreviation. We would have to know that the “2” refers to 2 
tens. 



2 packs of ten and 7 more 
2 tens + 7 ones 
2 7 

27 
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The key to our plan for expressing numbers is the idea of place value, 
which is based on the way we think of objects' being grouped. 

Grouping by lens, it is believed, followed naturally from our having 
ten fingers. Elements are grouped in sets of ten for ease in counting. 
Thus, to count eleven we think of one group of ten and one 
more. Below you see how ten is used to find the number of X’s. There 
are two groups of ten and three more. 



We u.se ten as a “slopping” place in counting. We count in 
order from one through ten. Then we pau.se. We continue counting ten 
and one, ten and two, ten and three, up to ten and nine, and finally 
two tens. We pause at two tens and then continue; two tens and one, 
two tens and two, and so on. The idea of grouping by tens, or a “base” 
ten, is used to set up a place-value sy.stem. 

The key to our system for naming all whole numbers by using only 
ten digits (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) is the idea of place value. This icca 
permits us to abbreviate a numeral 



What do we mean by place value? The shorthand “43” means the 
same thing to all of us only if we know the plan behind the shorthand. 
Our plan is to a.ssign a number to the position occupied by the “4” and 
to the position occupied by the “3.” 



place value is ten place value is one 

The niimher assigned lo the position occupied by each digit 
is the place value of that position. 



The “3” occupies the ones place 
in “43.” The “4” occupies the tens 
place. 

Of course, for a large number 




XXX 



such as 

to 

or 



4 tens + 3 ones 
4 3 

43 



4 3 



of objects, groups of ten tens are 
formed, and so on. 



1 hundred 3 tens 
1 3 

134 



4 ones 
4 
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3 



place value - one 
place value - ten (base) 
place value - one hundred 



Thus 134 means 

7x100 + 5x10 + 4x1 or 100 + 30 + 4 

Each digit in the numeral 134 represents a product. In the numeral 
134 the digit 1 represents the product 1 x 100; the digit 3 represents the 
product 3x10; the digit 4 represents the product 4x1. 

To summarize what we have said about place value: 

1. Each digit in a numeral occupies a position in the numeral. The 
number assigned lo each position is called the place value of that position. 

2. Each digit in a numeral actually represents a product. It is the 
product of the number named by the digit and the place value assigned 
to the position occupied by the digit. 



3 



7 

A. 



4 



j) 

place value - one 

place value - ten 

place value - one hundred 

place value - one thousand 



Exercise Set 4 

1. Write an abbreviation for each of the following: 

a. 3 tens + 6 ones 

b. 5 hundreds + 6 tens + 7 ones 

c. 8 thousands + 6 hundreds + 4 tens + 5 ones 

d. 4 thousands + 0 hundreds + 7 tens + 3 ones 

a. 3 X 10 + 6x1 

f. 5 X 100 + 6x10 + 3x1 

g. 8x1,000 + 7x100 + 6x10 + 4x1 

b. 5x1,000 + 6x10 + 8x1 



2. What product is represented by each digit in the numeral 347? 



. jot 




26 



Development of Our Decimal Numeration System 
3. What product is represented by each digit in the numeral 4,916? 



4 . What product is represented by each digit in the numeral 3,033? 



PLACE-VALUE CHART 

To help children understand our plan for writing numerals, we can 
display our plan in the form of a place.-value chart. Such a chart in- 
dicates the number to be assigned to each position occupied by a digit 
in a numeral such as 56,342. The key to understanding a place-value 
chart is to understand the part played by our ba.se number — ten. 



PLACE-VALUE CHART 



Ten y icn 
X icn X un 


Ten X icn 
X icn 


Ten X icn 


B45C icn 


One 


10.000 


1.000 


100 


10 


1 


5 


6 


3 


4 


2 



What pattern do you .see in our plan for assigning numbers to each 
position of a digit in a numeral? As we move toward the left from the 
“one” position, each new position is a.ssigned a value ten times as great 
as the number a.ssigned to the previous position. 

Our .sy.stem of writing numerals is called a decimal system. It is ba.sed 
on tens. Systems ba.sed on numbers other than ten could be, and have 
been, devised. 



Exercise Set 5 

1. What product is represented by each digit in 
a. 56,342? b. 20,518? 



2. How would you find the value of the position immediately to the left of 
the ten x ten x ten x ten place? 
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3. Examine the place-value charts below. Each is built upon a grouping by 
other than ten. In each chart, what is the value of the next three positions 
immediately to the left of the base place? 

a. PL ACE-VALUE CHART 

~Eighl .X eight X eight I Eight* eight \ tiic eight | One 



b. PLACE-VALUE CHART 

Seven x seven | Bise seven | One 



PLACE-VALUE CHART 

I Bise five [ One 



d. PLACE-VALUE CHART 

I tise sie | One 

STANDARD FORM AND EXPANDED FORM 

We have all u.sed such standard abbreviations as “in.” for inch, “yd.” 
for yard, and “ft.” for foot. It is convenient to use abbreviations pro- 
vided there is general agreement as to the meaning of the abbreviation. 

A numeral such as 34 is the standard numeral for the number thirty- 
four. The numeral 34 is an abbreviation (standard) for “30 + 4,” or 
“(3 X 10) -I- (4 X 1).” We use the standard numeral 34 for convenience and 
for uniformity of response. 

Two different numerals for the number thirty-four are “30 + 4” and 
“34.” The usual way of asserting that these two numerals name the 
same number is to write 34 = 30 -i- 4. 

“34” is called a standard numeral. 

“30 + 4” is called an expanded form of the standard numeral 34. 

To express a standard numeral in expanded form, it is necessary to 
think of the place value of each digit. For example, 

347 = 3 x100 + 4x10 + 7 x1 or 300 -i- 40 -h 7. 

In 347, the “3” represents the product 3 x 100; the “4” represents the 
product 4x10; the “7” represents 7x1. 
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Notice that the value of the numeral is the sum of the products rep- 
resented by each of it“. digits, according to the position of each digit in 
the numeral. 

We saw previously that 
the idea of adding the 
values of each symbol was 
used in earlier systems al.so. 

The form of the expanded numeral will vary depending upon the 
grade level and previous learning of the children as well as the 
preference of the teacher. Let us illu.strate with the standard numeral 
356. 



nn III =10+10+1 + 1 + 1. 

XXXII = 10+10+10+1 + 1. 
57 = 50 + 7 or 

5x10 + 7x1. 



PLACE-VALUE CHART 


Ten A ten 


Base ten 


One 


3 


5 


6 



356 = 3x100 + 5 x10 + 6x1 

= 300 + 50 + 6. 

From our place-value chart, the standard numeral “356" means 
356 = 3 X (10 X 10) + 5x10 + 6x1. 

Thus, we have several expanded forms for the numeral 356. 

356 = 3 X (10 X 10) + 5 x10 + 6x1 
= 3x100 + 5x10 + 6x1 
= 300 + 50 + 6. 

Consider another illustration. 



PLACE-VALUE CHART 



Ten X ten x ten 


Ten X ten 


Base ten 


One 


4 


5 


3 


6 



Standard 

Numerai, Expanded Form.s 

4,536 = 4,000 + 500 + 30 + 6 

= 4 X 1,000 + 5 X 100 + 3 x10 + 6x1 
= 4 x(IO X lOx 10) + 5x(10xl0) + 3x10 + 6x1 

In the last exp: rided form, notice the “10 x 10 x 10" and “10 x 10." 
We can abbreviate 10 x 10 x 10 as 10' (read “ten cubed") and 10 x 10 as 
10- (read “10 .squared"). 

In 10’ and 10’ the 3 and the 2 are called exponents. If we use 
exponents, our place-value table begins to look like this; 
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PLACE-VALUE CHART 




Ten X i%,n K ten 


Ten X ten 


Base ten 


One 


10' 


10-' 


10 


1 


5 1 


4 7i 


0 


3 



5,403 = 5,000 + 400 + 0 + 3 

= 5x1,000 + 4x10^' + Ox 10 + 3x1 

= 5 X (10 X 10 X 10) + 4x(10xl0) + 0x10 + 3x1 

= 5x10' + 4x10- + 0x10 + 3x1. 



The use of exponents helps us to simplify our expanded numeral. 
Examine the place-value chart below. 



PLACE-VALUE CHART 



Ten X ten x ten x ten 


Ten X ten x ten 


Ten X ten 


Base ten 


One 


10’ 


10' 


10’ 


10 


1 


3 


4 


2 1 


8 


9 



Standard numeral 34,289 



30,000 4 

3x10,000 + 

3x(10x lOx lOx 10) + 
3x10^ + 



4,000 + 

4 X 1 ,000 + 

4x(10xl0xl0) + 

4x10’ + 



200 + 80 

2x100 +8x10 

2x(10xl0) + 8x10 

2x10’ +8x10 



+ 9 

+ 9x1 
+ 9x1 
+ 9x1 



In the last expanded numeral for “34, 289“ you will notice how the 
exponents decrease in order from left to right. In fact, this continues 
past the 2 x 10= term. We define 10' as 10 and 10" as 1 . Therefore 8x10 
may be written 8 x 10', and 9 x 1 may be written 9 x )0". 



Standard 

Numeral 



34,289 = 3 x10^ 



Expanded Numeral 

+ 4x10' + 2x10= + 8x10' 



+ 9 X 10". 



As we said earlier, the form of the expanded numeral used in your 
class will depend upon grade level, previous learning, and teacher pref - 
erence. The various forms have been .shown in order to suggest how the 
child’s understanding of our numeration system develops. 

We have seen that a number can be named in many ways. For 
example, it can be named by a standard numeral (57) or by the 
expanded numeral (50 + 7). To show that two numerals name the same 
number, we use an equality sign (=) and write 57 = 50 + 7. If we write 
the sentence 642 = 600 + 40 + 2, we are stating that the numeral 642 and 
the numeral 600 + 40 + 2 name the same number. 
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Some mathematical sentences, such as 57 = 50 + 7, 642 = 600 + 
40 -H 2, 6 = 5 + 1, and 8 = 5 + 4, can be judged true or false. For ex- 
ample, judge these statements true or false; 

1. 734 = 700 + 30 + 4. (True) 

2. 652 = 6 x10- + 5 x10 + 2x1. (True) 

3. 8,316 = 8x10= + 3x10 + 16. (False) 

We often encounter mathematical sentences, such as 6 + □ = 10, 
that show a relationship in a problem. (If a boy has 6<:, how much more 
does he need in order to buy a 10<: notebook?) The symbol □ is usually 
called a frame. The sentence 6 + □ = 10 cannot be judged true or false 
until a numeral is placed in the frame. We say the truth or falsity of the 
sentence is open until we “fill in” the frame. Sentences such as 6 + □ = 
10 are called open .sentences. If we fill in the frame with a “5,” we have 
6 +[5]= 10, which is u false statement. If we fill in the frame with a 
“4,” we have 6 +(4]= 10, which is a true statement. 



Exercise Set 6 

1. Write a place-value chart going from ones through to ten thousands using 
a base ten. Use both the notation of ten x ten x ten and also the exponent 
notation, such as 10’, and so on. 



2. Write four expanded numerals for each of the following: 
a. 146 b. 329 c. 7,146 d. 33,412 e. 296,314 



3. Write standard numerals for the following: 



a. 


4x 100 + 3x 10 + 


6x 1 








b. 


6x1,000 + 5x100 + 4x10 + 


lY 1 






c. 


7,000 + 600 + 50 + 8 










d. 


5,000 + 60 + 9 










e. 


6x10,000 + 5x1,000 


+ 4 X 100 


+ 3 X 10 


+ 


6 X I 


f. 


4x 1,000 + 6x 100 -t 


- 7 X 10 + 


6x 1 






g- 


5x10,000 + 0x1,000 


+ Ox 100 


+ 6 X 10 


+ 


Ox 1 


h. 


4x10' + 3x10= + 


6x10' + 


1 






i. 


7x10= + 4x10' + 


7x10'’ (Remember 10 


0 _ 


1) 


j- 


8x10’ + 5x10= + 


6x10' + 


7x 10" 






k. 


9x10' + 6x10’ + 


3x10' + 


2x10= + 


5 X 10' + 
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I. 7xI0‘ + 3x10' + 6x10' + 9x10’ + 6x10’ + 0 x 10' 

+ Ox 10“ 

m. SxlO" + 0x10' + OxIO' + 3x10* + OxIO’ + 5x10 

+ 6 X 10" 

4. Fill in the frame in each open sentence so that a true statement results. 

a. 24 ■= {2xD) + 4. 

b. 93 =•• (Dx 10) + 3. 

c. 146 = (Dx 10’) + (4 X 10) + (6x I). 

d. 347 =(3xD) + (4xI0) + (7xI). 

a. 4,569 = (4x 10’) + (5 xD^) + (6 x 10) + (9x1). 

f. 3,981 = (3xD) + (9 X 10’) + (8 X 10') + (I x 10"). 

If two D’s appear in the same open sentence, each □ is to be filled by a name 
for the same number. 

g. 6,343 = (6 X 1,000) + (Dx 100) + (4x 10) + (Dx 1). 

h. 54,649 = (5 X 10') + (Dx 10’) + (6 x 10’) + (D x 10') + (9 x 10"). 

i. 34,162 = (3 xD') + (4 xD) + (1 xD’) + (6 xD) + (2 xD"). 



5. Examine a pupil's work below; 

36 
+ 27 
513 

Show how the use of an expanded form could help the child arrive at a correct 
standard numeral for the answer. 



SUMMARY 

We have examined our (Hindu-Arabic) system of numeration. A 
child who understands our decimal numeration system can represent 
any whole number quickly and conveniently. The system is built upon 
a few basic ideas; 

1. Base ten group or count by lens; ten x ten, ten x ten x ten, etc. 

2. A set of ten digits — 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 
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3. Place value 

a) A number (place value) is assigned to each position in the 
numeral. 

b) Each digit represents a /jz-or/MC/ — the product of its value and the 
place value assigned to the position occupied by the digit. 

4. The idea that the value of a numeral is the sum of the products repre- 
sented by the digits of the numeral 

A system such as ours, which is based upon groups of ten, is called a 
decimal system of numeration. 

Thus, with the aid of ten symbols, the idea of place value, and the use 
of addition and multiplication, all whole numbers can be represented. 
We have seen that ancient systems used some of the basic ideas listed 
above. It is possible, and in fact extremely useful for computers, 
to develop systems of numeration that do not depend upon base ten. 
Computers usually use ba.se two because their circuits are often built 
up from “two-state” switching devices. You might find it interest- 
ing and challenging to modify (1), (2), and (3) above and develop a 
system of numeration based on groups of five (fingers on one hand), 
five X five, and so on. 
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ADDITION AND ITS 
PROPERTIES 




1 . What is meant by the union of a pair of sets? 

2. How can the sum of whole numbers be defined in terms of sets? 

3. What are some properties of addition? 

4. What does an expression such as “2 + 3" rr.aan? 



623 




821 


+ 108 




- 538 


731 




283 


262 




18 


X 27 




23)414 


2,534 




23 


724 




184 


9,774 


12 
+ 15 
27 


184 



Do you know a child who is able to do 
the work shown at the right but who has 
trouble with verbal problems? Imagine 
that you have a pupil who has done the 
work shown. Then imagine that you give 
him the following problem: How many 
seats are there in an auditorium in which 
there are 15 rows of seats and there are 
12 seats in each row? Now suppose 

he writes on his paper 

and says that the answer is 27. How do 
you analyze his difficulties? Is he careless, 

or does he lack an understanding of addition and multiplication? Isn’t 
it possible for a child to do the work shown at the upper right without 
really understanding the meaning of the operations in mathematics? 

You will, of course, agree that all the computational skills in 
the world are not of much help if they aren’t accompanied by under- 
standing of the results. If a child knows how to multiply but not 
when to multiply, his knowledge is rather useless. 

The point we are driving at is that there is a difference between know- 
ing the menning of addition and knowing how to carry out the related com- 
putationai process. Although it is possible to learn the latter by rote, it 
is doubtful if any worthwhile educatio.nal objectives are attained in do- 
ing so. 



er|c 
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ERIC 



In the following pages we shall try to make clear what -e mean by 
addition. Addition will be developed through the use of sets. We shall 
see that we can then state certain princif^Ie.« or properties of addition as 
a con.sequence of this development. These properties ultimately lead us 
to the proces.ses that we u.se in computation. 



PRELIMINARIES TO ADDITION— UNION OF SETS 

What do we mean when we speak of “adding 3 lO 5”? Usually a 
teacher in the primary grades explains by showing a set of 3 objects and 
a set of 5 other objects. Upon Joining the two sets, a new set of 8 ob- 
jects is produced. Using physical examples of this kind is a good class- 
room technique, but as a teacher you will want to understand 
the mathematical ideas that underlie such physical examples. 




Lets examine this situation and .see if we can state precisely 
what addition is al! about. Suppo.se we abide by convention and name 
each of the origir al sets above with a capital letter. We might arbitrarily 
call the .set shown on the left in the picture. A, and the one on the right, 
B. Then the .set consisting of all the elements shown is called the union 
of A and B and denoted A U B (read "A union B"). 

Let's consider .several more examples that illu.strate the con- 
cept of union: 

1. If £■ is the set of all blonds in the cla.ss and F is the .set of all red- 
heads, then t U F \s the .set of all tho.se in the class who have either 
blond or red hair. 

2. Suppose M is the .set consi.sting of Bob and Joe and N is the .set 
consi.sting of Betty, Jean, and Mary. Using braces in the cu.stom- 
ary manner, we might write M = |Bob, Joe) and N = [Betty, 
Jean, Mary). Then M \J N = [Bob, Joe, Betty, Jean, Mary). 

3. Let X be the .set of states in the United States who.se names begin 
with “C’ ; that is, X = [California, Colorado, Connecticut). Let Y be 
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the set of stales whose names end »viih “i”; that is, Y = {Connecticut, 
Vermont). Then A' U K = (California, Colorado, Connecticut, Vermont). 

4.U P - (fl, h, f) and Q = (a, t\ e, ^), then P [J Q = {a, h, c, e, ^). 

You probably recognized that the last two examples differ from the 
first two. In example 3, set X contains Connecticut and so does Y. But 
Connecticut is not listed more than once in tabulating the elements in 
the union. In 4, sets and Q have two elements in common, namely, 
a and c. Again lhe.se are listed but once \x\ P \J Q. We are thus saying 
that the union of any set A and any set B is the set consisting of all the 
elements in A together with all the elements in B. Among the elements 
included in the union are, of course, any elements that happen to be 
common to A and B. However, an element of the union is listed but 
once, regardless of whether it belongs to only one of the sets or to both. 
This idea is briefly expressed as follows; “The union of sets A and B is 
the set consisting of all iho.se elements that are in A or in B." (As u.scd 
here, the word “or” does not exclude the possibility that an element of 
the union might belong to both sets.) Notice that a physical act of join- 
ing is not implicit in the concept of union of two sets. This is certainly 
the ca.se in example 3 above. 



Exercise Set 1 

Let A = (a, h, c), B = (a, e, /, o, m), C = {/>, /, g), and D = {w, v, w, x, r). 
Tabulate each of the following .sets: 

1. A'kJB 

?. BUA 

2. AUC 

4. flue 

5. AU D 

6. (/f U fl) U C First determine the union of A and fl, then the union of 
that .set and C. 

7. U (fl U C) 

8. fl U { ) Note; { ) is the empty .set, the .set that has no members. 



ADDITION 

Returning now to the explanation of “adding 3 and 5," we can say 
that the teacher selects a set A with 3 elements and a set B with 5 other 
elements. We can write /;(/!) = 3 (read “the number of elements in A is 
3“) and //(fl) = 5. The set consisting of all the elements in A as well as 
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those in is U B. Then n{A U fi)— the number of elements in U B-~ 
is what we call the sum of 3 and 5. This sum is denoted by “3 + 5” (read 
“5 plus 5”). And since by counting we find that n{A U B) is 8, we write 

3 + 5 = 8. 

In general, we would like to be able to say something like this: For 
any two numbers a and />, we choose a set A that contains a elements— 
that is, «(/I) = a— and a set B with b elements— that is, «(fi) = b. Then 
a + b = n{A U B). However, such a definition presents one difficulty. 
Suppose we wish to deU.mine the sum of 3 and 5 and for our sets we 
select A and B from the exercises above. Since A = [n, b, c} and B = 
jfl, e, /, 0 , m}, clearly n{^A) = 3 and «(fi) = 5. Then A U B = [a, b^ c, e, 
/, 0 , w}. So n{A \J B) = 1 . But we would probably react unfavorably to 

3 + 5 = 7. 

Of course, you recognize that the difficulty stems from the fact that in 
the latter example we selected sets that have an element in common. 
When a teacher uses actual physical objects to demonstrate in class, this 
problem usually does not arise; but it must be considered in stating a 
definition. When two sets have no common elements, they are said to 
be disjoint or mutually exclusive. The definition of a sum of 3 and 
5 could then be stated as follows; Let A and B be disjoint sets such that 
«(/l) = 3 and n{B) = 5. Then 3 + 5 = n{A U B). 

The definition of the sum of any pair of whole numbers is as follows: 

If a and b are any whole numbers, let A and B be disjoint 
sets such that n(A) = a and n{B) = b. The sum of a and b. 
denoted “a + b,” isn{A U B). 

Notice the important role played by sets in defining a sum. 

The sum a + b does not depend on the nature of the a elements which 
comprise set A nor on the nature of the b elements which compri.se set 
B, sc long as these two sets are di.sjoint. 

The assignment of a sum to a pair of numbers is es.sentially what we 
mean by addition. 

Another approach to addition, one that is becoming popular 
in modern mathematics programs, makes use of the “number line." 



H ^ 1 f- 

0 12 3 



4 



5 





+- 

10 



11 



For example, the sum 3 + 5 can be interpreted as follows; Start at 0, 
move 3 units to the right, and then move 5 units to the right: 
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3 + 5 




The result is the same as that of a single movement of 8 units 
to the right. The advantage of starting at 0 is that the computed result 
8 is immediately obtained by inspection of the number line. 



Exercise Set 2 

1. Tell what 7 + 2 means in terms of sets. 



2. It is important to distinguish bc’ween the language and symbols 
that apply to sets and the language anv* symbols that apply to numbers. 
If capital letters represent sets, which of the following are meaningless accord- 
ing to the definitions we have given? 

a. The union of M and N 

b. The union of 6 and 5 

c. 3U4 

d. 7 + 6 

e. n{E) U n{F) 

f. P+(? 

g. n{P) + n{Q) 

h. The sum of 8 and 3 

i. The sum of R and 5 

j. £Uf 



3. Suppose is a set such that n{A) = 5 and is a set such that n[B) = 7. 
If n(/4 U fl) = 10, what can you say about sets A and S'? 



4. Is it possible to find two sets A and B for which n(A) + n(B) < n{A U fl)? 
Explain. 
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5. Use a number line to depict the following sums: 

•■2 + 4 b. 4 + 2 c. 5 + 1 d. 3 + 3 



THE COMMUTATIVE PROPERTY OF ADDITION 

The development of iddition through the use of sets makes it pos- 
sible to derive some of the characteristic properties of addition. The first 
property to be discussed is exemplified by the statement 

1 + 1= 2 + 7. 

This statement \W\xs\T^\.Qs\\{t commutative property of addition. Although 
the fact that 7 + 2 = 2 + 7is obvious to anyone familiar with addition, 
it is not so obvious to the beginner. In fact, most first-grade children 
will readily determine that 7 + 2 = 9 but will quite often have trouble 
with 2 + 7. Consequently, the commutative property should be empha- 
sized early in arithmetic. In general terms, the commutative property of 
addition is stated as follows: 

If a and b are whole numbers, then a + b = b + a. 

Because of this property, we say: “Addition is commutative.” 

We can justify the commutative property by making use of the def- 
inition of sum. Let us refer back to Exercises 1 and 2 in Set 1. You 
were given that A = {a, b, c} and B = |a, e, /, o, u\. So you might have 
written 

A \J B = [a,h, c, e, /, o, «}. 

B\J A = \a,e, /, o, m, b, c|. 

But no matter how you wrote things down, A \J B and B U A contain 
exactly the same elements. We thus write 

AU B = BUA. 

It isn’t hard to see that this is true for any sets A and B. The set of all 
elements to be lound in either A ot B (including, of course, any ele- 
ments that may be common to both) is the same as the set of all ele- 
ments in or in /I (or in both). 

From the fact that, for any sets A and B, A \J B = B \J A, ihc com- 
mutative property of addition follows. To verify, for example, that 

1 + 2 = 2 + 1, 

we select a set A with 7 elements and a set B disjoint from A with 2 
elements. Then 7 + 2 = n{A U B) while 2 + 7 = n{B \J A). But since 
A \J B = fiU/f, it follows that n{A \J B) = n{B U A) and therefore 
7 + 2 = 2 + 7. In general terms, if a and b are any two whole number.;. 
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we select disjoint sets A and B such that ,i(A) = a and n{B) = h. Then 
a + n{A U B) and h + a = n{B U A). Again we have 




With children in the elementary grades, this properly might be ex 
pressed with frames; 



When working with such frames, it is agreed that the same number is to 
be used for a frame of a particular shape wherever that shape appears 
in a given sentence. 

The importance of this property becomes more and more evident as 
a child advances in school. However, the primary teacher should realize 
that the simple fact that it greatly reduces the memorization task faced 
by the pupil is reason enough for stressing the commutative property 

early. ^ 



THE ASSOCIATIVE PROPERTY OF ADDITION 

There are other important properties of addition, and these also can 
be used by a child early in his study of arithmetic. Some children, when 
asked what is the .sum of 8 and 7, will think as the boy does in the pic- 
ture below; 





If I think of 7 as 2 - 
the 2 to the 8 so Til 
or 15. 





8 + 7 = □. 
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call the associative property of addition. He is thinking of 7 as 2 + 5 
and then reasoning that 

8 + (2 + 5) = (8 + 2) + 5. 

The general statement of the associative property would be: 

If a. b, and c are whole numbers, 
then (a + b) + c = a + (b + c). 



Because of this property, we say: “Addition is associative.” Again, the 
relationship can be justified by using the definition of sum. In Exercise 
Set 1, examples 6 and 7, you should have found that 

{AUB)UC = AUiBUC). 



You see that this would be true for any sets A, B, and C, because the 
expression on either side of the equation represents the set of all ele- 
ments *"» /I or in B or in C. Now, given any numbers a, b, and c, 
we can choose sets A, B, and C with no elements in common so that 
n(A) = fl, n(B) = />, and«(C) =c. Then 

n\{A U 5) U C| =n{A U 5) -f n{C) ={a + b) + c, 
and 



n\A U(BU C)1 =n(A) + n(B UC) = a + {b +c). 

Therefore, 



{a +b) + c = a + {b + c). 
This too might be expressed with frames: 



p+A) + c>-n*(A+o). 



Because of the associative property, no ambiguity results if paren- 
theses are omitted from an expression for a sum. For example, since 

(5 -f 3) -f 9 = 5 + (3 -f 9) 

we could write 



5-f3-f9 

to represent either expression. Note, though, that this is not always the 
case in mathematics. Consider division. Notice that 



(24 - 6) ^ 2 = 4 - 2 = 2 

while 

24 - (6 ^ 2) = 24 - 3 = 8. 

Since 

(24 - 6) ^ 2 24 - (6 ^ 2), 

division is not associative and we don’t write 24 ^ 6 ^ 2 without some 
agreement as to grouping. 
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Children might refer to the commutative and associative properties 
simply as the “order” and “grouping” properties. 

Often the commutative and associative properties can be used 
together advantageously. For example, in computing 7 + (9 + 3), it is 
easier if 3 is grouped with 7; but this involves reordering and regrouping 
(whether we actually write it down or not); 

7 + (9 + 3) = 7 + (3 + 9) by the commutative property of 

addition 

= (7 + 3) + 9 by the associative property of 
addition 



= 10 + 9 because 7 + 3 = 10, and 

= 19 because 10 + 9 = 19 by our sys- 

tem of numeration. 



When you tell a child to “check by adding up,” you are utilizing both 
properties. Consider, for instance, the units column in the example below; 

27 

54 

32 



Working downward, we must think of the sum (7 + 4) + 2. Working up- 
ward, we have (2 + 4) + 7. We know they are the same because of the 
commutative and associative properties; 

(7 + 4) + 2 =2 + (7 + 4) addition is commutative (7 + 4 is 

interchanged with 2) 

= 2 + (4 + 7) addition iscommutative 

= (2 + 4) + 7 addition is associative. 

To compute the sum of 23 and 45, some children think “23 + 40 is 63, 
and 63 + 5 is 68.” Let’s analyze this. First, 

25 + 45 = 23 + (40 + 5) because 45 = 40 + 5 by our sys- 

tem of numeration 

= (23 + 40) + 5 addition is associative. 

Now to determine that 23 + 40 = 63 (or 60 + 3) we reason; 



23 + 40 =(20 + 3) + 40 

= 20 + (3+40) 
= 20 + (40 + 3) 



because 23 = 20 + 3 by our sys- 
tem of numeration 

addition is associative 

addition iscommutative 
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= (20 + 40) + 3 addition is associative 

= 60 + 3 because 20 + 40 = 60. 

If we then replace 23 + 40 by 60 + 3 in the expression (23 + 40) + 5, 
we have 

(23 +40) + 5 = (60 + 3) + 5 

= 60 + (3 + 5) addition is associative 

= 60 + 8 because 3 + 5 = 8 

= 68 because 60 + 8 = 68. 

After some work of this sort, one usually becomes convinced that the 
commutative and associative properties justify rearranging (in any man- 
ner we choose) the terms in an expression for a sum. This can indeed 
be shown to be the case. Although we don’t intend to present a detailed 
proof, we shall feel free to use the rearranging idea for addition hence- 
forth. For example, we might say that 

1(7 + 1) + (4 + 9)1 + (3 + 6) = (7 + 3) + 1(9 + 1) + (6 + 4)1 

by the commutative and associative properties. Moreover, since it does 
not matter in a sum how the numbers are grouped, nor how they are 
ordered, grouping symbols may be omitted and computation may be 
carried out in any order. 



Exercise Set 3 

1. Identify the property exemplified by each of the following; 

«. 7 + 9 = 9 + 7. 

b. (2 + 3) + 8 = 2 + (3 + 8). 

c. (4 + 7) + 1 = (7 + 4) + 1. 

d. (2 + 9) + (3+ 1) = (3+ l) + (2 + 9). 

•. 6 + (4 + 9) = (6 + 4) + 9. 

f. 6 + (5 + 4) = (5 + 4) + 6. 

2. Show how the associative and/or commutative properties can be used to 
simplify the computation of these sums; 

«. 7 + (3 + 6) 

b. 8 + (5 + 2) 

c. (4 + 9) + 1 
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d. 17 4 (28 4 3) 

•. (16 4 - 7 ) 4 (3 4 4) 

3. Suppose that a * 6 means “2 times the sum of a and h. Examples. 

1 *5 = 12. 

4*0= 8. 

3 ☆ 7 = 20. 

a. Is the operation denoted by commutative? How would you justify 
your answer? 



compute (2 * 3) * 4, we first compute 2*3. Since this is 10, 
(2*3)*4 = 10*4 = 28. 

Compute 2 * (3 * 4). 



c. Is the operation denoted by “*” associative? Explain. 



THE ADDITION PROPERTY OF 0 



In Exercise 8 of Set 1, on page 36, you should have found 
that U ( ) = B. Since the empty set has no elements, the union of any 
set A with the empty set will be /I; that is, 

/I U| ] = A. 

This leads to another important property of addition involving 
the number 0. For any number a, we can select a set A with a elements. 
Now { } is a set with no members, and it clearly has no elements in 
common with any other set. By the definition of sum, 

0 4 0 = n{A U I )). 



But if 
then 



A\J{ \ = A, 
n{A U { |) = fi(A ), 



We shall call this the addition property of 0. Because the number 
0 behaves in this special way, it is called the identity element for addition 
or the additive identity. The identity element is also called the neutral 

element. 
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It should be dearly understood that 0 is a perfectly good num- 
ber. “Zero” does not mean “nothing”! 



Exercise Set 4 

1 . There are 100 addition “facts" from 0 + 0 = 0 up to 9 + 9= 18 that 
Children are expected to memorize. If a child learns the commutative property 
and the addition property of 0. how many essentially different facts are there? 



2. Explain the meaning of a < b in terms of addition. (Assume that a and h 
are whole numbers.) 



3 



MULTIPLICATION AND 
ITS PROPERTIES 




1 . How can the meaning of the product of two whole numbers be 
conveyed 

a) through disjoint sets? 

b) through cross products of sets? 

c) through arrays? 

2. What are some properties of multiplication? 

3. What does an expression such as "2 x 3" mean? 



If you, an adult, are asked to multiply 3 and 2, you will quickly think 
of 6. Probably you will not bother to think of how the 6 is determined; 
you know it too well to need to think about it. But children don’t know 
anything about multiplication until they learn from adults. How should 
children be taught that 6, rather than some other number, is the product 

of 3 and 2? 

More generally, the question we need to ask and answer for children 

is “What does multiplication mean?’’ 

In a previous section we discussed a similar question about addition. 

Briefly, we recall that — 

1 By the sum of 3 and 2 (that is, 3 + 2) we mean the number of ele- 
ments in the union of a set of 3 members and another set (disjoint from 
the first) with 2 members. By actual count we find that the number of 
elements in the union is 5. Hence, 3 + 2 = 5. 

2. With a pair of whole numbers (addends), addition associates a 

whole number (their sum). 

Multiplication can be handled in a similar manner. We shall see that— 
1. The meaning of a “product” (such as 3 x 2) can also be revealed 
through the use of sets. 
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2. With a pair of whole numbers (“factors”), mulliplicalion associates 
a number (their “product”). 

Various approaches to multiplication are possible. Some newer pro- 
grams employ the cross product becau.se of certain advantages it has 
over more traditional approaches. 



CROSS PRODUCT 

Consider this situation: A man is going to eat a sandwich. He has a 
choice of hamburger, salami, or tuna. After eating the sandwich, he will . 
drink either coffee or milk. What are all the combinations of sandwich 
and beverage he may choo.se? Remember, he is going to eat the sand- 
wich first, then drink the beverage. 

Here are all the possibilities: 

(hamburger, coffee) (salami, coffee) (tuna, coffee) 

(hamburger, milk) (salami, milk) (tuna, milk) 

We may think of all the.se possibilities as forming a set. This set has 
pairs for its elements, and the set has six of these pairs. For example, 
the pair (hamburger, coffee) is a single element of the .set. 

What is the mathematical significance of the above situation? 

We are given two sets: a set of sandwiches, 

{hamburger, .salami, tuna), 

and a set of beverages, 

{coffee, milk). 

From these two sets we determine a third set (a set whose elements are 
pairs made of elements of the two given sets): 

{(hamburger, coffee), (hamburger, milk), 

(salami, coffee), (salami, milk), 

(tuna, coffee), (tuna, milk)). 

In general terms, we may say that from any two sets we can deter- 
mine in the same way a set of pairs. The .set of pairs is called the cross 
product of the given sets. We use the symbol X between the given .sets 
to name the cross product: 

{hamburger, .salami, tunajxfcoffee, milk) = 

{(hamburger, coffee), (hamburger, milk), 

(.salami, coffee), (salami, milk), 

(tuna, coffee), (tuna, milk)}. 

Let us abbreviate this rather lengthy .sentence by writing h for ham- 
burger, s for salami, / for tuna, c for coffee, and m for milk. Then the 
above sentence shov/ing the cross product simply becomes 






er|c 
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{/;, .V, /)x|t% ///} }(//, c). (/». /m). (v, (-S. w). (^ '*”))' 

Using this example as a guide, we can now write a definition of the 
cross product of any two sets; 



The cross product of two sets is the set of ail possible pairs 
whose first member comes from the first set and whose 
second member comes from the second set. If the 
first set is named "/I." and ij the second set is named “Ii.“ 
then ihe cro.ss product is named "A X B . " 

Several comments about this definition are in order. 



1. The symbol “X” is read “cro.ss.” Thus, “/I X B" is read “/f cross 
B." The cross “x” does not denote ordinary multiplication. Ordinary 
multiplication applies to numbers, not sets. 

2. The pairs in the cross product are ordered pairs. That is, of the two 
members of the pair, one comes first, the other second. In our example, 
the pair (//, c) is an element of the cross product {/;, .v, /| x {(*, ///}, but 
the pair (c, h) is not. Of course, we could have formed the reverse cross 
product |f, /«|x{//, .9, /). This would be made of beverage-sandwich pairs 
rather than sandwich-bf\ erage pairs. Then (c, h) would be an element 
of this new cross product. 

{c, m] X |A, . 9 , /) = ((f, h), (f, . 9 ), (f, /), (/«, /;), (/«, .9), (/>;, /)). 

3. Each pair in the cross product is considered a single element. 

Thus the set {(//, c), (//, ///), (.9, (.9, /?;), (/, c), (/, //;)} has 6 elements. 



Before developing multiplication by means of cross products, we pre- 
sent some exercises on cross products. Work these exercises before pro- 
ceeding. 



EXAMPLE: If a baseball team has 4 pitchers (Olson, Davis, Gates, 
and Foley) and 2 catchers (Shafer and Miller), what are all the pitcher- 
catcher combinations? 



SOLUTION: There are 4 pitchers from 
which to choose. For each choice of 
a pitcher, there are 2 choices for the 
catcher. All the possible choices can 
be pictured on a “tree” diagram; 





Shafer 

Miller 




Shafer 

Miller 




Shafer 

Miller 




Shafer 

Miller 
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So all the pitcher-catcher combinations are as follows; 



(Olson, Shafer) 
(Olson, Miller) 
(Davis, Shafer) 
(Davis, Miller) 



(Gates, Shafer) 
(Gates, Miller) 
(Foley, Shafer) 
(Foley, Miller) 



Exercise Set 1 



/ I.Sniiginc an election in which there are 4 candidates for governor 
’ (call them a, b, c, and d) and 3 candidates for lieutenant governor (call them 
e,f, andg). List all the possible combinations of candidates from which the 
voters can choose. 



2. Given the sets jo, b\ and jr, .v, /, «}, list the members of the cross product 
jo, />} X jr, s, /, «}. 



3. If set A = |jf, y} and set B = |r, s, /j, list the members of the set AX B. 
List the members of the set i5Xi4. ISi^xB the same set B X A1 ISi4 X B 
equivalent to i5 X A? 



4 . In problem 3, what is n{A)l n{A X B)1 n{B X A)1 



Problem 1 in the exercises above asks you, in effect, to form the cross 
product of set jo, b, c, d] and set Your answer should be 



Counting the elements of each of these sets, we find that the cross 
product of a set of 4 elements and a set of 3 elements has 12 elements. 
It is immaterial what objects are denoted by a, b, c, d, e, /, or g. The 
cross product of any set of 4 elements with any set of 3 elements will 
always contain 12 elements. This observation enables us to assign 
a meaning to “4 x 3,” using sets; 4 x 3 is simply the number of elements 
in the cross product of a set of 4 elements and a set of 3 elements, thus 
making 4 X 3 = 12. 

Problem 2 above asks you to form the cross product of a set of 2 



|(fl, e), (fl,/), (fl, g), {b, e), (/>,», {b, g\ 



(c, e\ (c, y), (c, g), id, <?), id . ./), id, g)). 
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elements and a set of 4 e?. lents. That cross product contains 2x4 ele- 
ments. By counting we fii:d that this cross product has 8 members, thus 
making 2x4 = 8. 

Cross products helped us to determine the number 12 from 4 and 3, 
and 8 from 2 and 4. So we have a way of determining a number called 
a “product” from a pair of given numbers. Understanding what is meant 
by product is the key to understanding multiplication. 



If a and b are whole numbers, let A and B be sets such that 
n{A) = a and n{B) = b. The product of a and b, denoted 
by “a X b.” is n(A x B). that is. the number of elements in 
set A xB.{We often write “ab” instead of “a x b”; and we 
call a and b factors of ab) 

The product axb does not depend on the nature of the elements 
comprising set A, nor on the nature of the elements comprising set B. 

The assignment of a product to a pair of numbers is essentially what 
we mean by multiplication. 

How are products found? What is the product of 3 and 5, for example? 
According to the meaning we have just given to product, we should find 
a set containing 3 elements and a set containing 5 elements. (Any sets 
of 3 and 5 will do.) Then we should consider the cross product of these 
sets and count the elements of the cross-product set. The number of ele- 
ments in the cross-product set will be 3 x 5, the product of 3 and 5. 
Accordingly, let us choose the sets 

R = {x,y,z|. 

S = {a, e, i, o, m|. 

Since = 3 and n(5) = 5, we have the kind of sets we want. Now 

RxS = {(x, a), (x, e), (x, /), (x, o), (x, m), 

O', o), (y, e). O', 0, (y, o), iy, u), 

(z, a), (z, e), (z, /), (z, o), (z, m)|. 

Counting shows that n(/? X S) = 1.5. Therefore, 3x5 = 15. We have 
proved thdit 15 is the product of 3 and 5. The proof rests upon the mean- 
ing we have given to product. 

We have talked at length about both sets and numbers. Hovv- 
cver, multiplication itself deals only with numbers: with every pair of 
numbers multiplication associates their product, a number. The role of 
sets is to provide a means by which a product can be computed. 

The scheme whereby we use sets to obtain a product may be 
diagramed as follows; 
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The World of Whole Numbers 



The World of Sets 




Count the members ol Ax B 
to obtain n{A xB). The 
number //(/4 x 5) is the 
l^mduct axb 

Finish 



You see that multiplication begins and ends with numbers. This com- 
pletes our discussion of one way in which sets may be used o explain 
multiplication. After the next exercise set, a second way will be presented. 

Ex \MPLE: Mr. McCarthy travels from New York City to Chicago 
by either airplane, railroad, or bus. He travels from Chicago to Milwau- 
kee by either bus or car. In how many ways can he travel from New 
York City to Milwaukee? 

SOLUTION: For each of the three ways from New York Cit> to 
Chicago, Mr. McCarthy can choose one of two ways from Chicago to 
Milwaukee. So each trip is an ordered pair. The .set of these ordered 
pairs is the following; 

{(airplane, bus), (airplane, car), (railroad, bus), 

(railroad, car), (bus, bus), (bus, car)j 

So Mr. McCarthy can travel from New York City to Milwaukee in six 
ways. 



Exercise Set 2 

A girl owns a red blouse, a white blouse, a brown skirt, a black skirt, and 
a white skirt. How many combinations of blouse and skirl can she wear? What 
are they? 
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2. What multiplication sentence should accompany this sentence? 

{fl, A} X {x, y} = {(fl, x), {a, y), [b, x), [b, >-)}. 



3. If n{A) = 4 and n{B) = 5, what is n{AxB)1 



b.oON OF DISJOINT EQUIVALENT SETS 

Unions of disjoint sets are used to develop a meaning for addition of 
whole numbers. Let us recall that — 

The union of two sets is the set of elements in either or both 
of the two sets. The union of sets A and B is named “A D B.” 

More generally, the union of any collection of sets is the set 
consisting of all those elements which are members of at 
least one of the sets in the given collection. {The union of sets 
A . B. and C may be named “A\^ B\JC.'') 

Two .sets are disjoint if and only if they have no elements 
in common. 

Two sets are equivalent if and only if they can be matched 
{by a one-to-one correspondence). Equivalent sets have the 
.same number of elements. If two sets are not equivalent, 
then they do not have the .same number of elements. 

If we form the union of several sets, every two of which are disjoint 
and equivalent, then we have a special situation that deserves attention. 
Where might such a situation arise? Consider the following question; 
If a flock of chickens lay 6 eggs every day for 7 days, how many eggs 
are produced altogether? 

Analyzed in terms of sets, the question states that a set of 6 
eggs is produced every day for 7 days. The union of these 7 sets, all dis- 
joint, is the set of eggs obtained after the 7 days have passed. So the 
total number of eggs is the sum of the numbers of the daily sets of eggs. 
That is, the total number of eggs is 

6 + 6 + 6 + 64-6 + 6 + 6 , 

or 42. 

Such situations can always be analyzed using addition. However, it 
is clear in this example that the number of sets of 6 eggs, namely 7, is 
important. In some way, the numbers 6 and 7 determine their “product” 
42. 

Examples of the above type have always been used by teachers to in- 
troduce multiplication. They suggest another meaning we can give to 
product: 
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Let a and b be whole numbers. Choose a sets, disjoint from 
each other, with b elements in each. Then the number of ele- 
ments in the union of the a .sets is a xb. the product of a and b. 

How can a product such as 3x5 be computed if we use this 
approach? We should choose, 3 sets, with 5 elements in each, making 
sure that each is disjoint from the others. We then consider the un. .,n 
of the sets and count the elements in the union. The number of mem- 
bers in the union will be 3 x 5, the product of 3 and 5. Accordingly, 
let us choose these set?; 

E = 

F = 

G = 

The union, £ U f U G, is 

[a, b, c, d, e, i, j, k, /, m, r, s, /, m, v}. 

Counting shows the number of elements in this union to be 15. There- 
fore, 3x5= 15. 

As in the case of cross products, we have now provided a scheme for 
determining a product from any pair of whole numbers. Again, the sole 
role played by sets is to provide a means by which a product can be 
computed from its factors. This scheme can be diagramed as follows: 



a, b, c, d, e]. 
i, j, k, /, /«j. 
r, s, /, M, v). 



The world of Whole Numbers 



The World of Sets 



Start 




Count the elements of 
the union; its number is 
the product axb. 



Choose a sets, b elements 
in each, with each set disjoint 
from the others. 



Form the union of the 



a sets. 



9 



Finish 
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Again we have :,een that multiplication begir... and ends with numbers. 
This completes the discussion of a second.way in w-hich .sets can be 
used to develop multiplication. The next .section will show that— 

1 . The two methods yield the same product for any pair of factors. 

2. Both methods are useful in the classroom. 



Exercise Set 3 

1. What multiplication facts do the.se pictures illustrate? 





2. Choose some disjoint equivalent sets to illustrate the fact that 2x4= 8. 



3. What multiplication sentence is equivalent to each of these addition 
sentences? 

e. 3 + 3 +3 + 3 + 3 + 3 = 18. x 3 = 

b. 1 + 1 + 1 + 1 = 4. X = . 

c. 0 + 0 + 0 = 0. 3x = 

d. 6 + 6 + 6 + 6 + 6 + 6= 36. x = 

e. 2 + 2 = 4. X = 
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4. In the following problem should we find the^um or the product of the two 
numbers? Why? 

John bought 3 quarts of milk at 24c each. How much money did he spend? 



TEACHING MULTIPLICATION 

Both approaches to multiplication, through cross products and 
through unions of disjoint equivalent sets, should be presented to chil- 
dren. Why? 

Here are two problems that a child might be asked to solve in the 
third or fourth grade: 

(1) Jim planted 3 rows of corn, using 8 seeds in each row. How 
many seeds did he plant? 

(2) If 3 children play trumpet and 8 other children play piano, how 
many trumpet-piano duos can be formed? 

Each of these problems is solved by multiplying 3 and 8 to obtain 
24. But each requires its own kind of thought process. A child will prob- 
ably see the problems as entirely different, yet children need to learn 
to recognize both as multiplication problems. The two approaches we 
have discussed are appropriate to these two types of problems. 

However, although these are two approaches to multiplication 
of whole numbers, they do not give different products. We present, as 
evidence that both yield the same result, a simple problem analyzed 
through both approaches. 

PROBLEM; Compute the product of 3 and 4. 



Cross Product 
Choose two sets, one of 3 ele- 
ments, the other of 4 elements. The 
sets {fl, b, c} and {w, jc, y, z] will do. 

Arrange the elements of these 
sets vertically and horizontally in a 
table and form the cross product: 





w 


X 


y 


Z 


a 


Qy W 


a, X 




a,z 


b 


b, w 


b, X 




b,z 


c 


Cy W 


c,x 


c,y 


c, z 



Union of Disjoint 
Equivalent Sets 
Choose three sets, disjoint from 
each other, with 4 elements in each. 
The sets \a, b, c, d], {/, y, k, /|, and 
{m, «, 6>, p\ will do. 

Arrange the elements of these 
sets in horizontal rows, in a table, 
and form their union: 



0 


b 


c 


d 


i 


J 


k 


1 


m 


n 


0 
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Observe that to count this cross 
product, we need only count the 
places in the table: 

w X y z 

a I I I 

b ; 

c 



Observe that to count this union, 
we need only count the places in 
the table; 



Both these approaches lead to the same result: a rectangular array 
of places that we are to count to find a product. 

An array that has .3 rows and 4 columns (rows are horizontal, columns 
are vertical) is called a “3-by-4 array.” 



3 rows 



1 



4 columns 

Thus, a 3-by-4 array represents the product 3x4, regardless of which 
approach i j product we use. Of course, any 3x4 array will do; 



☆ ☆ ☆ ☆ 

☆ ☆ ☆ ☆ or 

☆ ☆ ☆ ☆ 



□ □ □ □ 
□ □ □ □ 
□ □ □ □ 



X X X X 

or X X X X 

X X X X 



etc. 



Arrays are well suited to introducing multiplication to younger chil- 
dren. Later on, when problems like (2) on page 55 come up, an explicit 
presentation of cross products will also be helpful. When problems like 
(l)on page 55 come up, unions of disjoint equivalent sets can be 
presented. 

In this text, we shall find arrays u.seful for deriving various properties 
of multiplication. 

Example; Compute the product of 6 and 2 by means of an array. 

SOLUTION: Draw an array with 6 rows and 2 columns: 

o o 
o o 
o o 
o o 
o o 

O O 

There are 12 elements in this 6-by-2 array, so 6x 2 = 12. 
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Stil! another approach to multiplication uses the number line. The 
expression “3 x 2” is interpreted as 3 “jumps” of 2 units each. 




This interpretation is evidently equivalent to repeated addition on the 
number line. 



Exercise Set 4 

1. Write a multiplication sentence for each of these arrays: 



☆ 


☆ 


☆ 


☆ 


☆ 


b. 0 


9 


9 


9 


9 


C. 0 


0 


0 


☆ 


☆ 


☆ 


☆ 


☆ 


9 


9 


9 


9 


9 


0 


0 


0 


☆ 


☆ 


☆ 


☆ 


☆ 


9 


9 


9 


9 


9 


0 


0 


0 












9 


9 


9 


9 


9 


0 


0 


0 












9 


9 


9 


9 


9 


0 


o 


0 




X 


_ 










X 




. 




< = 





2. Draw an array for each of these sentences: 
a. 3 X 2 = 6. b. 6 X 1 = 6. c. 4 x 7 = 28. 



3. Use a number line to depict the following products: 
a. 3 X 4 b. 4 X 3 c. 5 x 1 d. 1 x 5 



PROPERTIES OF MULTIPLICATION 

Consider this 6-by-9 array of dots: 



6 rows 



9 columns 

This array contains 6x9 dots. 

Now consider a 9-by-6 array oi dots. 
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9 rows 



6 columns 



This array contains 9x6 dots. 

Of the two arrays above, either could be “tipped” to coincide with 
the other. They contain the same number of dots. So 

6 X 9 = 9 X 6. 

There is nothing special about this example. Any rectangular array 
can be tipped so that its rows become columns and its columns become 
rows without affecting the number of elements. 

o o o o o o o 

o O o O O tip o o 

)• 

2x5 o ° 

o o 

o o 

2x5 = 5x2. 5x2 

These examples are instances of a general property of multiplication, 
the commutative properly: 

For all whole numbers a ami b, axh = b xa. 

To express the commutative property of multiplication in a form suit- 
able for young children, “frames” arc valuable. Children may be 
encouraged to fill in the frames in sentences like these; 

8 X □ = □ X 8. A X 7 = 7 X A. 

AxD = DxA. 

The same number is to be used with a particular frame wherever that 
frame appears in a single sentence. Children will discover that any num- 
bers make AxD = DxAa true statement: 

A^[6l = [6]xA- AxE = [DxA; 

A xUl = [I|x A; etc. 
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The most obvious advantage of introducing the commutative 
property of multiplication in elementary school is that it reduces con- 
siderably the number of multiplication facts a child must learn. A less 
obvious, but far more important, advantage is that this commutative 
property is part of the basic structure of the whole-number system, and 
of other number systems. 

Another important property of multiplication can be demonstrated 
by looking at a rectangular stack of blocks in two different ways. 




Think of this stack as being composed of horizontal layers or of vertical 
slabs; 




The number of blocks 
is 2 X (3 X 4). 



The number of blocks is 
4x(2x3)or(2x3)x4 
because multiplication is commutative. 



So the number of blocks in the stack can be named in two ways: 

2 X (3 X 4) and (2 x 3) x 4. 

Therefore, 

2 X (3 X 4) = (2 X 3) X 4. 

Evidently, it makes no difference when we multiply whether we associate 
the 3 with the 4 or with the 2. 
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A stack of blocks, or 3-dimensionul array, of any size, can be viewed 
in these two ways. Consider, as a second example, the pictures below: 




The number of blocks 
is 2 X (7 X 5) 
or (7 X 5) X 2 

because multiplication is commutative. 



The number of blocks 
is 7 X (5 X 2). 




So 



(7 X 5) X 2 = 7 X (5 X 2). 
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These examples are not sufficient to prove anything, but they suggest 
a generalization. This generalization is the associative property of 
multiplication: 

For all whole numbers a. b, and c. a x (A x c) = (a x />) x c. 

Thus, like addition, multiplication is both commutative and associative. 

The associative property of multiplication is important both as 
a building block in the structure of whole numbers and as an aid in 
computation. If we want to compute the product of 2 and 30, for ex- 
ample, we may reason as follows: 



2 X 30 = 2 X (3 X 1 0) 
= (2 X 3) X 10 

= 6x10 
= 60 



because 30 = 3 x 10 

because multiplication is 
associative 

because 2x3 = 6 

because 6x 10 = 60. 



Or suppose we want to compute the product (63 x 4) x 25. An appli- 
cation of the associative property makes it easy: 

(63x4)x25 = 63x(4x25) 

= 63x 100 
= 6,300. 

Often, the commutative and associative properties are both used in a 
computation. To compute the product 24 x 5, for example, we might 
reason as follows: 



24x5 =(2xl2)x5 
= (I2x2)x5 

= I2x(2x5) 

= I2x 10 
= 120 



because 24 = 2 x 1 2 

because multiplication 
is commutative 

because multiplication 
is associative 

because 2x5= 10 

because twelve tens = 1 20. 



The commutative and associative properties, used together, make it 
possible to rearrange factors in any order or in any grouping without 
affecting the product. No parentheses are needed in an expression for a 
product. For example, the expression 2 x 9 x 5 x 7 is not ambiguous; 
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the product can easily be computed by first multiplying 2 by 5, then 9 
by 7, then 10 by 63, thus obtaining the following equalities; 

2x5= 10. 

9x 7 = 63. 

10x63 = 630. 

Exercise Set 5 

1. Use the commutative property of multiplication and complete to make 
true statements: 

•.□x8 = 8x9. d.QxA=17xl3. 

b. 4xA=I7x4. e. (Dx6)x7 = (6x9)x7. 

c. 67xD = 87x67. f. (16 x 35) xQ = 12 x (16x 35). 

2. Use the associative property of multiplication and complete to make true 
statements: 

a. (□ X 6) X 7 = 5 X (6 X 7). 

b. (8 xA)x 9 = 8x(9x9). 

c. 16 x(Dx4) = (16x8)xA. 

S. Compute these products quickly with the help of the commutative and 
associative properties: 

a. (67x50)x2 = . 

b. (5x 13)x2 = 

c. 8x7C0 = 

4. Complete these to make true statements: 

a. (16 -9) -3 = -3 = 

16- (9- 3) = 16- = 

b. 18 - (7 - 4) = 18 - = 

(18-7)-4= -4= 

c. Do you think subtraction is associative? 



THE NUMBERS 0 AND 1 

The numbers 0 and 1 play special roles in multiplication. 
What kind of array represents the product 5x1? 
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A 5-by-l array: 



5 rows 




1 column 



What kind of array represents the product 1 x 5? 




5 columns 



V 



☆ ☆ 



Counting these arrays shows that 5x1=5 and 1x5 = 5. We could 
have computed 6 x 1 , 1 x 6, 3 x 1 , 1 x 3, etc., in the same way. Evidently, 
when 1 is used as a factor, the product is the other factor. In general 
terms. 



This states what is often called the multinUcative property of I. The num- 
ber 1 is called ihc identity eleinent for multiplication. It is also sometimes 
called the element for multiplication. 

Notice that 1 plays the same role in multiplication that 0 plays 
in addition. 



The multiplicative property of 1 is another of the important building 
blocks of v.ie whole-number system. It is particularly important when 
computing with fractions. However, there is value in knowing that 19 of 
the usual 100 multiplication facts have I as a factor. 

The number 0 plays a role in multiplication that has no counterpart 
in addition. 

If we attempt to illustrate the product 5x0 with an array, we need 
an array with 5 rows and 0 columns. Since this is difficult to visualize, 
let us use the cross product to analyze 5x0. We choose a set of 5 ele- 
ments, .say |n, b, r, r/, e}, and a set of 0 elements- the empty set, ( }. 
We now wish to form pairs with one member from {n, h, c, and the 
other member from | }. But there are no elements in { } to use; 
so no pairs can be formed. Therefore, the cro.ss product of {a, b, c, d^ e} 
and I I will have no elements. 



Whenever b i.s a whole number, 
bx I = b and I xb = b. 



3x1=3; 1 x75 = 75; 

3 + 0 = 3; 0 + 75 = 75; etc. 



[a,b,c,d,e] x { ) = | }. 
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What can we conclude about 5 x 0? If 5 x 0 is to be the number of the 
cross product we formed, we must have 

5x0 = 0. 

If we had analyzed 0x5, the result would have been the same; 

I ]x{a,b,c,d,e] = [ ), so 
0x5 = 0. 

In fact, the product of 0 and any number can be analyzed this way. 
We conclude the following; 

Whenever b is a whole number. 

X 0 = 0 and Oxb = 0. 

Children can be introduced to this multiplicative property of 0 
by completing sentences such as these; 

□ x0 = 0; 3xD = n; DxA=0; etc. 

AN IMPORTANT MULTiPUCATiON PROPERTY INVOLVING ZERO 

Under what circumstances could a product of whole numbers 
be zero? If a and b are whole numbers and we are told that 
their product, axb.h zero, what can we say about the factors a and W. 

In terms of arrays we interpret a product a x to be the number of 
elements in an array having a rows and b columns. If neither a nor b 
is zero, such an array will surely have at least one member. That is. if 
a ^ 0 and 0, then a x 0. It follows logically that the only way axb 

could be zero would be if either aor b (or possibly both) were zero. 

If fl X = 0, then a = 0 or = 0 (or both a and b equal zero). This 
important principle applies not only to whole numbers but to larger 
classes of numbers as well (for example, fractional numbers). It is used 
extensively in solving equations. 

Exerci.se Set 6 

1. Complete these to make true statements: 

a. 7 X □ = 0. d. □ X 1 = 10. 

b. 0x6 = 0. e. 1x0=0. 

c. 75x0= 75. f. 0x7=0. 

2. What numbers make thjse true statements? 

a. 0x1 =0. 

b. 0x0= 0. 

C. 0x0 = 0. 
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3. Compute these products quickly. Which properties did you use? 

a. 3 X 7 X 85 X 0 X 96 = . 

b. 576 X I = 

c. (75 - 75) X 37 = 

4 . If the commutative property and the multiplicative properties of 1 and 0 
are used, which facts in this table need to be memorized? 



X 


0 


1 


2 


3 ! 


! 4 


5 


6 


1 7 


1 8 


1 9 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


2 


0 


2 


4 


6 


8 


10 


12 


14 


16 


18 


3 


0 


3 


6 


9 


12 


15 


18 


21 


24 


27 


4 


0 


4 


8 


12 


16 


20 


24 


28 


32 


36 


5 


0 


5 


10 


15 


20 


25 


30 


35 


40 


45 


6 


0 


6 


12 


18 


24 


30 


36 


42 


48 


54 


7 


0 


7 


14 


21 


28 


35 


42 


49 


56 


63 


8 


0 


8 


16 


24 


32 


40 


48 


56 


64 


72 


9 


0 


9 


18 


27 


36 


45 


54 


63 


72 


81 



SUMMARY 

Some children’s language is suggested below for some of the ideas 
we have presented. 



Adult Language 

Ordered pairs 

Union of 3 sets of disjoint 
equivalent sets of 5 
elements each 

Commutative property 

Associative property 

Multiplicative property of 1 

Multiplicative property of 0 



Child Language 

Pairs 

Union of 3 sets of 5 



Order property 

Grouping property 

Using 1 as a factor (or, multiplying 
by 1 tives the same number) 

Using 0 as a factor (or, zero times 
any number gives zero) 




—65— 



Mathematics for Elementary School Teachers 

The approach and language of this lesson have been adult. Children 
need not be so careful about definitions and properties, nor need they 
use such exact language. 

It is important to avoid teaching mathematics as a vocabulary 
exercise. The idea of multiplication and its properties can be presented 
to children at their level. 



5-3 

1 . How can subtraction be explained — 

a) Through the use of sets? 

b) Using ideas of addition? 

2. What does an expression such as "5 — 3" mean? 

Have you ever given your pupils subtraction exercises and told 
them to check by adding? Perhaps one of the exeicises was 

46 
- 19 



SUBTRACTION 



8 



If a pupil thought the answer was 27, he was supposed to check by add- 
ing 27 to 19. He hoped to obtain 46 if his answer to the subtraction ex- 
ercise was correct. 

27 
+ 19 
46 

That is, he added his answer (27) to the smaller of the numbers be was 
given (1 9) and hoped to obtain the larger (46). 

Evidently subtraction has some relationship to addition. What is this 
relationship? How should it be presented to children? V/hat are the con- 
sequences of this relationship? This chapter will explore these and other 
questions. 

The relationship just mentioned concerns the very meaning of sub- 
traction. We teach children that “seven minus three equals four,” but 
we also need to teach then why. If a child says, “Seven minus 
three equals fiv«,“ we must be able to show him why he is wrong. In 
other words, we must convey the meaning of subtraction to children. 



EXPLAINING SUBTRACTION 

Let us recall briefly how addition is usually defined in the new 
mathematics programs. Pupils are first shown how to find the union of 
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two disjoint sets. Later they learn that the number of elements of such a 
union is called the sum of the numbers of the two sets. Certain prop- 
erties of addition (such as the commutative property) are then deduced 
from the definition. 

Subtraction may be based on sets also, by using the notion of a sub- 
set. However, even when subtraction is defined in terms of sets, it quickly 
becomes apparent that subtraction is related to addition. Thus the 
meaning of subtraction can be approached in two ways: (1) in terms of 
sets; (2) in terms of addition. As an illustration of the approach using 
sets, let us consider the following situation. Mary’s brothers are Mike, 
John, Max, Bill, George, Frank, and Don. Designating the set of 
Mary’s brothers by A , we have 

A = (Mike, John, Max, Bill, George, Frank, Don). 

Let us also consider the set of Mary’s brothers whose names, as given 
here, begin with “M”; call this set B. 

B = (Mike, Max). 

Since all the elements of set B are also elements of set A , we say set B 
is a subset of set A . 

Those brothers whose names do not begin with “M” form another 
subset of A', call this subset C. 

C = (John, Bill, George, Frank, Don}. 

Now let us ask a simple numerical question such as might be 
appropriate for early grades: 

Mary has 7 brothers; only 2 of them have names beginning 
with “M.” How many other brothers does Mary have? 

If a pupil lists sets B, and C as above, then to answer the question he 
should count set C, the brothers whose names do not begin with “M.” 

Evidently, this example can be analyzed from two points of view: 

1. Set A and set B are given. Set B is a subset of set A. What is the 
subset of A whose elements are not in B ? Set C. 

2. A set of seven elements and one of its subsets consisting 
of two elements are given. How many elements of the set of seven ele- 
ments are not in this subset of two elements? Five. 

We call this type of problem a subtraction problem. In it, we represent 
the number of elements that are not in the given subset by “7 - 2” 
(read “seven minus two’’), and we refer to this number as the “difference 
of 7 and 2.’’ Because this difference is 5, we write “7 - 2 = 5.’’ (Chil- 
dren might, for example, remove two blocks from a set of seven blocks. 
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then count the blocks remaining. They would write 7 - 2, or 5, to ex- 
press the result.) We say that subtraction assigns to the pair of numbers 
7 and 2 the difference 7 - 2, or 5. 

Any problem about objects “remaining” or being “taken away” or 
“left over” can be solved by subtraction, as indicated here. 

One kind of problem often called a “comparison” problem fits the 
subtraction pattern less obviously. Here is an example: 

Eugene has 13 marbles; Hubert has 5 marbles. How many more 
than Hubert does Eugene have? 

In this situation, Hubert’s 5 marbles are not a subset of Eugene’s 13 
marbles, so we can’t simply seek the remaining subset. But the required 
procedure is obvious (though not to a child, perhaps): We match 
Hubert’s 5 marbles with 5 of Eugene’s marbles. We then seek the re- 
maining subset of Eugene’s marbles. 




The number of the remaining set is 13 - 5. This teils “how many more” 
marbles Eugene has. 

Using sets, we may formally state a definition of a - 6, the difference 
of a and />, as follows: 

If A is a set that contains a elements and B is a subset of A 
that contains b elements, then a - b is the number of the sub- 
set of elements of A that are not in B. 

The difference a - b does not depend on the selection of sets A and B, 
as long as these sets fulfill the specified requirements. One restriction on 
the numbers involved in subtraction arises from this definition. This def- 
inition says that in order to subtract t from a, b must be the number of a 
subset of a set of a elements. Clearly, b cannot be greater than a. So ex- 
pressions like 3-5, 17-18, etc., make no sense at this stage. 
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Exercise Set 1 

1. For each of these exercises, answer these questions: 

Is B a subset of A? 

If so, what is the subset of A composed of elements not in B1 

m. A = \a,eJ,iJ,o,p,u]. 

B = {fl, e. /. o, u). 



b. A = (red, white, blue, green). 
B = (green). 



c. A = (California, Oregon, Washington, Maine, Florida). 
B = (Maine, Florida). 



d. A = \x,y,z\. 
B = {x,y,z\. 



.. .< = iA.aOi. 

« = !)• 



2. For each of the exercises above, write a subtraction sentence. The subtrac- 
tion sentence for la is 8 - 5 = 3 because, given a set of 8 elements and a subset 
of 5 elements, the remaining subset has 3 elements. 



3. If B :s a subset of A, above, and if C is the subset of A composed of 
elements not in B, then what set is B u C? 



So far in our development of subtraction, we have not mentioned addi- 
tion. Yet subtraction is often called the “inverse” of addition. Why? 

In the examples in the exercises and the text above, we began with a set 
and a subset of that set; then we asked for the remaining sub- 
set. In Exercise la, the given set was 

A = (fl, e,/, /,./, 0, p, m), 

and the subset was 

B = (a, e, /, 0, m). 

The remaining set that we found was 

= lAh pY 
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Now, since C is the set of elements of A that are not in B, the sets C 
and B are disjoint. We may form their union, B\J C; clearly B \J C =: A. 
That is, 

p] U {a, e, /, 0, wj = ja, e,/, ;,y, o, p, wj. 

Whenever we form a union of two disjoint sets, we have an addition 
situation. The union shown rbove implies the addition sentence 

3 + 5 = 8. 

The subtraction sentence in Exercise la is 

8-5 = 3. 

So addition is certainly related to subtraction. 

But let us make that relationship more explicit by returning to the 
sets in Exercise la. 

A = {a, e,/, /,y, o, /?, m). 

B = ja, e, /, 0, a|. 

Instead of asking, “What is the subset of A whose elements are not in 
fi? we could ask, “What is the set, disjoint from B, that will correctly 
complete this sentence: U □ = AT' The answer to each question is the 

same: {/,./, p]. 

Now let us ask numerical questions about this example. We might 
ask, “What is the number of elements of the subset of A whose elements 
are not in BT' Or, we might ask the same question this way: ""What 
number added to 5 will give a sum of 8?” 

In other words, to find the difference of 8 and 5, we may complete the 
sentence 5 + □ = 8. Thus the sentence 5 + □ = 8 has the same meaning 
as the sentence □ = 8 - 5. 

Numbers that are added are called addends. Completing a sentence 
such as 5 + □ = 8 may be called “finding the missing (or unknown) 
addend.” Thus, subtraction is sometimes called “the operation of find- 
ing the missing addend.” In addition, we seek a sum of two given 
addends, while in subtraction we seek one of the addends of a given sum. 
This is why subtraction is sometimes called the inverse of addition. 

If subtraction means finding the missing addend, what does 8-5 
mean? 8 - 5 is the number which when added to 5 gives 8, namely 3. 
So 8 — 5 = 3. The difference, 3, may be found by completing 5 + □ = 8. 
In this sentence, 5 is often called the known or given addend and 8 is 
called the sum. Note that the expression “8 - 5,” reading from left to 
right, first shows the sum 8, then minus, then the given addend 5. 

Of course, if the known addend is greater than the desired sum, it will 
not be possible to find a suitable missing addend among the whole num- 
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bcrs. For example, the sentences 6 + □ = 2 and 0 + 9 = 8 cannot be 
completed with whole numbers. Thus, expressions such as 2 - 6 and 
8-9 have no meaning when working within the set of whole numbers. 

In this way we are led to the same restriction that we saw in our def- 
inition of subtraction using sets: 

The known addend cannot be greater than the sum. 

(By the time your students reach junior high school, however, they will 
find that there are numbers— namely, the negative numbers— that will 
suffice to complete sentences like 6 + 0 = 2.) The missing-addend ap- 
proach to subtraction applies, therefore, to larger classes of numbers 
than does the approach using sets — for example, to a class that includes 
not only whole numbers but also negative numbers and fractional 
numbers. 

We now use the missing-addend idea to describe subtraction as 
follows; 

Subtraction assigns to the pair of whole numbers a and b 
the missing addend in the sentence 

b + D = a. 

This missing addend is named “a - h.” It is also called the difference 
of a and b. The expression “a - 6” names a whole number only when 
b is not greater than a. 

It follows that when we complete a sentence such as □ + 6 = 19, we 
have in effect “subtracted” 6 from 19, and we know that a name for the 
missing addend is “19 - 6.” Since, from our knowledge of addition, 
ij^ + 6= 19,wegetl3= 19-6. 

If children are introduced to subtraction through finding missing 
addends, it is not absolutely necessary for them to memorize “subtrac- 
tion facts.” For example, if a child is asked to complete the sentence 

II -4 = □ 

(that is, asked to subtract 4 from 1 1 ), he should feel free to think 

11 = □ + 4 
or 

11 = 4 + □ 

and then to complete either sentence from his knowledge of addition 
facts. The missing addend that he finds, is the difference of 1 1 and 4, 
11-4. The child should learn that “eleven minus four equals seven” 
because “seven plus four equals eleven.” 

Can you now explain why addition can check subtraction? 
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Exercise Set 2 

1. Write two subtraction sentences for each of these addition sentences. 

a. 6 + 4 = 10. 6 = 10-4. 4 = 10 - 6. 

b. 8 + I = 9. 

c. 12 + 0=12. 

d. 4 + 14 = 18. 



#.154 + 67 = 221. 

2. Write an addition sentence for each of these subtraction sentences. 

a. 12-7 = 5. 12 = 5 + 7 (or 12 = 7 + 5). 

b. 6 - 6 = 0. 

c. 8 - 0 = 8. 

d. 10-5 = 5. 

a. 74 - 67 = 7. 

3. Convert each of these sentences to a subtraction sentence. Then complete 
the sentences. 

a. 3+D=12. [9]= 12-3. 

b. Lj 6 = 7. 



c. 12+n= 12. 

d. 14 + n= 15. 
•. L + 28 = 95. 



4 . Convert each of these sentences to an addition sentence. Then complete 
both sentences. 

#.□=16-9. 9+CZ; = 16 (or [3 + 9=16). 

b. G = 4-l. 

c. 6 - 2 = □. 

d. G=9-9. 

a. □ = 75 - 72. 



—73— 




Mathematics for Elementary School Teachers 



PROPERTIES OF SUBTRACTION 

In the new mathematics programs, children learn not only the mean- 
ing of addition and multiplication but also the properties of these 
mathematical operations. Two important properties of addition and 
multiplication are the associative property and the commutative 
property. 



Associative and Commutative Properties 
OF Multiplication and Addition 



Operation 


Associative Property 


Commutative Property 


Multiplication 


For all whole numbers 
a, b, and c, 

(axb)xc = ax{bxc). 
Example: 

(3 X 6) X 4 = 3 X (6 X 4), 


For all whole numbers 
a and 

axb - bxa. 

Example: 

12x7 = 7x 12, 




Addition 


For all whole numbers 
a, b, and c, 

(a + b) + c = a + (b + c). 
Example: 

(3 + 6) + 4 = 3 + (6 + 4). 


For all whole numbers 
a and 6, 

a + b = b + a. 

Example: 

12 + 7 = 7 + 12. 





Does subtraction have these properties also? Let us consider 
two examples: 

1 . h subtraction commutative? Does 8 - 3 = 3 - 8? Clearly, 8-3=5 

because 5 correctly completes the sentence 3 + □ = 8. But “3 - 8” 
is not a name for 5; in fact it is not a name for any whole number, 
since no whole number fits the sentence 8 + D = 3. So8-3:/:3-8. 
The symbol means “does not equal.” (Using negative numbers, we 
would find that 3 - 8 is -5, not 5, so that here, too, 8 - 3 3 - 8.) 

Other such examples are easy to think of, but no more are necessary for 
our purpose. Subtraction would be commutative only U a - b = b - a 
for all whole numbers a and b. The above example shows that there is 
at least one exception— that is, that a - b does not equal b - a {or all 
whole numbers. By showing that 8 - 3 is not equal to 3 - 8, we have 
found an exception. So, subtraction is not commutative. 

2. Is subtraction associative? For example, does 9 - (5 - 3) equal 
(9 - 5) - 3? 

9 - (5 - 3) = 9 - 2 = 7, 
but 

(9-5)-3 = 4-3= 1. 
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So 9 - (5 - 3) ^ (9 - 5) - 3. This exception shows that subtraction is 
not associative. (For subtraction to be associative, it would be necessary 
that a - {b - c) = {a - b) - c ioT all whole numbers n, 6, c.) 



Exercise Set 3 

1. Insert “=” or whichever applies, in each circle. 

•.3-2 Q 2 - 3. 

b. (6 - 4) - 0 Q 6 - (4 - 0). 

c. 8 -5- 8 Q 8 -5- 8. 

d. 86 X 74 74 x 86. 

•. 6-(4- I) Q (6-4)- I. 

2. Insert parentheses to make each sentence true. 

a. 8 - 4 - 1 = 5. 

b. 24 H- 6 H- 2 = 2. 

c. 12-7-0 = 5. 

d. 9x4x2 = 72. 

•. 2 X 4 + 7 = 22. 

THE ROLE OF ZERO IN SUBTRACTION 

You are already aware that the number 0 plays a special role 
in addition. 



Addition Property of 0 



For every whole number a, 

a + 0 = a and 0 + a = a. 

Examples-. 

5 + 0 = 5. 

0+ 16 = 16. 



This special rule leads to some interesting facts about 0 in subtraction. 
These facts, although presented here in a somewhat abstract way, are 
best communicated to children through examples and exercises. 

The addition property of zero leads to such sentences as 5 + 0 = 5, 
0 + 16 = 16, 0 + 65 = 65, 2 + 0 = 2, etc. From each such addition 
sentence two subtraction sentences can be formed. 
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5 + 0 =5 


leads to 


5-5 =0 


and 


5-0 = 5. 


0+ 16 = 16 


leads to 


16- 16 = 0 


and 


16-0= 16. 


0 + 65 = 65 


leads to 


65 - 65 = 0 


and 


65 - 0 = 65. 


2 + 0 =2 


leads to 


2-2 =0 


and 


2-0 = 2. 



These results suggest the possibility of generalizing: 

1. The fact that 5-5 = 0, 16 - 16 = 0, etc., suggests that ''any 
whole number subtracted from itself yields 0.” 

2. The fact that 5-0 = 5, 16-0 = 16, etc., suggests that "0 sub- 
tracted from any whole number yields that whole number." 

These generalizations constitute the role of 0 in subtraction; they can 
be proved from the addition property of 0. 



For any whole number a, 
a - o = 0. 




To summarize: What does 5 — 3 mean? 5 - 3 is the number that cor- 
rectly completes the sentence 

3 + □ = 5. 

If from a sum of two addends one of the addends is sub- 
tracted, the dtjference is the remaining addend. 

Subtraction is neither commutative nor associative. 

Any number subtracted from itself yields 0. 

0 subtracted from any number yields that number. 



"SHIFTING OF TERMS" IN SUBTRACTION 

Even after the meaning of subtraction is thoroughly understood, 
there still remains the practical problem of performing subtraction com- 
putations efficiently. In simple problems such as 1 1 - 4 = □ the miss- 
ing-addend approach, namely 

1 1 = 4 + □, 

can be used effectively by a child who knows his elementary addition 
facts. 
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However, in problems of even moderate complexity, a direct use of 
the missing-addend approach is often not practical. For example, it may 
not help a beginner very much if he tries to calculate 46 - 19 = □ by 
writing 46 = 19 -f- □. He learns how to break this problem up into 
simpler parts which he can handle with the knowledge already at his 
disposal. To accomplish this, he can use a subtraction algorithm* 
whereby he computes the difference: 

46 
- 19 



46 = 40 -f- 6 = 30 M6. 

19 = 10 -H 9 = lO-t- 9. 

He can then use the missing-addend approach to obtain 30 - 10 = 20, 
16-9 = 7; so his answer becomes 20 -f- 7 = 27. 

Notice, however, that this computation makes a tacit assumption 
which is rarely pointed out in elementary texts. The original prob- 
lem was 

46 - 19. 

For convenience, it was first expressed in the form 

(30+ 16) -(10 + 9). 

However, the answer was actually computed as 

(30- 10) + (16 -9). 

It is only fair to ask how we know that this “shifting of terms” yields 
the correct result. The answ'er is embodied in the following generaliza- 
tion: 

For all whole numbers a, b. c. d. where a is not smaller than 
c, and b is not smaller than d. 

{a + b) - {c + d) = (a - c) + {b - d). 

(We include the following proof for those teachers who are interested in 
seeing one.) 

According to our missing-addend approach to subtraction (see page 
72): 

Ifa-c = x, then a = c + x; and 
ifb-d = y, then b = d + y. 

*A more detailed discussion of subtraction algorithms will appear in a later chapter. 
At this point we introduce a subtraction algorithm briefly, in order to develop an 
important property of subtraction. 
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From these equations, and from the associativity and commutativity of 
addition, we get 

{a + b) = {c + x) + {d + y) 

= {c + d) + {x + ;^), 

which simply means that 

{a + b) - {c + d) = X + y. 

Substituting for x and>^, we get 

{a + b) - {c + d) = (a - c) + {b - d). 

This is the equality we were trying to establish. 

A special case is obtained by letting d = b: 

{a + b) - {c + b)= {a - c) + {b - b) 

= {a - c) + 0 
= {a- c). 

The result is expressed as 

((7 + b) - {c + b) = {a - c). 

It simply means that the result of a subtraction is unchanged if the same 
number is added to both numbers in the subtraction problem. 
For example: 

421 - 97 =(421 + 1 ) -( 97 + 3 ) 

= 424 - 100 
= 324 . 



— 78 — 




DIVISION 



if- 



if- 




i)- 






















4 



1 . How can division be explained — 

a) Through the use of sets? 

b) Using the ideas of multiplication? 

2. What is meant by an expression such as "12 -r- 3"? 



Have you ever given your pupils division exercises and told them to 
check by multiplying? Perhaps one of the exercises was 

18 )414 

If a pupil obtained the answer 23, he was supposed to check by mul- 
tiplying 23 by 18. He hoped to obtain 414 if his answer to the division 
exercise was correct. 

23 

X 18 

184 

230 

414 

Evidently division has some relationship to multiplication. What is 
this relationship? What are the consequences of this relationship, and 
how should they be presented to children? 

The relationship of division to multiplication rests on the very mean- 
ing of division. We teach children that “eight divided by two equals 
four,” but we also need to teach them why. If a child says, “Eight 
divided by two equals six,” we must be able to show him why his state- 
ment is incorrect. In order to do this, we must go into the very meaning 
of division. 

DIVISION 

Children usually have little difficulty with problems like this one: 

If 20 boys go to play basketball (5 boys per team), how many teams 
can be formed? 
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As indicated in the figure below, no knowledge of arithmetical opera- 
tions is needed to separate the 20 boys into teams of 5 each. 




This separation can also be achieved without the actual presence of 
the boys. Let a star (☆) stand for each boy. We wish to form teams of 
5 boys, so let us arrange the stars in rows of five. 







ij. If. 






4 rows 



The number of rows we can form is the number of teams. 

In the language of sets, this problem can be expressed as follows: 

Into how many disjoint sets of 5 elements each can a set of 20 
elements be partitioned? 

Or, using the language of arrays,* this problem can be expressed as 
follows; 

If an array has 20 elements, and if each row has 5 elements, 
how many rows are there? 

But in an array the number of ele- 
ments in a row is the same as the num- 
ber of columns. So we can again re- 
state the above problem; 

If an array has 20 elements, and if the array has 5 columns, 
how many rows are there? 














5 elements 












in e row 















♦The only arrays we shall be concerned with are rectangular arrays. 



Division 



All of the above approaches to the above problem are equivalent. The 
numerical result is always 4. We may think of any of the above 
approaches as a way in which the number 4 is obtained from the num- 
bers 20 and 5. To the number pair 20 and 5 division assigns the number 
4. We say that 20 divided by is 4. In symbols we write; 

20-e-5 = 4. 

Using arrays, we can define the quotient of a pair of whole numbers 
as follows: 

If an array with b elements {where b ^ 0) has a columns, 
then the number of rows is named ”b ■- a.” f^'e call this the 
quotient of b and a. Division assigns the quotient ”b ■- a” 
to the pair of whole numbers b and a. 

Problems somewhat different from the “ne above also fall into the 
pattern of arrays and are thus an application of division. For example: 

If 20 pennies are being distributed to 4 boys, how many pennies 
will each boy receive? 

If we distribute one penny i time to each boy, the result is the same 
as arranging the pennies in an array with one column of pennies 
assigned to each boy. How many pennies will be in each row? 
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In such a problem we are given the number of columns and we seek the 
number of elements in a column. But the number of elements in 
acolumn is the same as the number of rows in the array. In other words, 
we know 

(1) the number of elements in an array, 

(2) the nrmber of columns, 

and we seek 

(3) the : umber of rows. 

If we are given the number of elements in an array, then we may be 
given the numbei of columns and seek the number of rows or, 
equivalently, we may be given the number of rows and seek the number 
of columns. Either case may be considered to be a division problem. 
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Exercise Set 1 



1. Draw arrays to fit these conditions: 

a. 12elemeiits c. 

2 rows 



10 elements 
5 rows 



b. 16 elements 
4 rows 



d. 6 elements 
1 row 



2. How many columns does each array have in Exercise 1? 



3. Write two division sentence*: for each of these arrays: 



a. XXX 
XXX 
XXX 
XXX 
XXX 



15 -r 5 =3. 
15 -^3 =5. 




b. ? ? ? ? ? ? 
?????? 

? ? ? “^ ? ? 
9 9 9 9 9 9 



d. 4 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 



In our development of division so far we have not mentioned mul- 
tiplication. Yet division is often called the “inverse” of multiplication. 
Why? 

Do you recall how arrays are used in explaining multiplication? The 
product of 3 and 5, for e>:ample, is the number of elements in an array 
with 3 rows and 5 columns. 



3 rows 



5 columns 

iS& Jffik jSSt 

® ® ® S3 

w w w w w 



Therefore, the array has 3x5 elements. 
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In our division examples so far, we were given the number 
of elements in an array and the number of rows (or columns). So, in 
effect, we were given a product and one of two factors of that product. 

Thus in a division problem, instead of asking, “What is the number 
of rows of an array with 5 columns and 20 elements?” we could ask, 
“5 multiplied by what number will give 20T' 

In other words, to divide 20 by 5, we may complete the sentence 
5 X □ = 20, or u X 5 = 20. The sentence 5 x □ - 20 has the name meaning 
as the sentence 20 - 5 = Li. 

Numbers that are multiplied to form a product are called factors (of 
that product). Thus, the problem of completing the sentence 5 x □ = 20 
may be considered as “finding the missing factor.” So division is con- 
cerned with finding the missing factor. Whereas in multiplication we 
seek a product of two given factors, in division we seek one of 
the factors of a given product. This is why division is often called the 
inverse of multiplication. 

Approaching divi.sion through multiplication becomes increasingly 
important in later grades, w'hen pupils have to work with fractional 
numbers and negative numbers. As pupils advance, they should 
be brought to understand that 20 4- 5 is that number which, when mul- 
tiplied by 5, gives 20. Of course, the interpretation of division in terms 
of sets and arrays is still useful. 

We may formally state the missing-factor approach to division as 
follows; 

Division assigns to the pair of whole numbers a and b the 
missing factor in the sentence 6 x □ = a, provided there is 
exactly one whole number that fits the sentence. 

The missing factor is named “a 4- b." It is also called the quotient of a 
and b. 

A pupil who is introduced to division by finding missing factors need 
not memorize “division facts.” For example, to complete the sentence 

32 4 - 4 = □, 

a child may think 

32 - □ X 4 
or 

32 = 4xD 

and complete the .sentence from his knowledge of multiplication facts. 
This will involve trial and error at first. 

A problem closely related to division comes up in connection with 
situations similar to that of the 20 boys playing in teams of 5. What if 
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23 boys want to play basketball? Can we divide 23 by 5? If we could, we 
should find the result by completing 

5xD = 23. 

But no whole number exists to complete this sentence correctly, so there 
is no whole-number meaning for 23 -t- 5. When working with just the 
whole numbers, we would say that 23 is not divisible by 5. 

In later grades children will learn that fractional numbers can be used 
to complete correctly sentences such as 5 x □ = 23. But the concrete 
problem remains: Kow can we decide, mathematically, how many 
teams of 5 can be formed from 23 boys? The answer may be obtained by 
attempting to complete an array; 




3 left over 



This shows that 4 teams can be formed, but there will be 3 players “left 
over.” 

Another approach is the following; 

For the whole numbers 23 and 5, we determine whole num- 
bers to complete the sentence 2i = (5 x □) -|- A in such 
a way that the number for the A is as small as possible 
{in this case less than 5). These numbers are 4 and 3, 
since 23 = {5 x4) + 3. 

Once again we see that 4 teams of 5 can be formed, with 3 boys remain- 
ing. 

In general, if we are given a set of b elements, and if we want to form 
disjoint subsets of a elements each, we then seek to complete the 
sentence 

6 = (axD)+ A, 

where the number for the A (called the remainder) is less than a. 

Division problems with a remainder are treated further in Chapter 9, 
“Division Algorithms.” 



Exercise Set 2 

I.W'ritc two division sentences related to each of these multiplication 
sentences. 
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•.6x7^ 42. 6 = 42 7. 7 = 42 6. 

b. 3 X I = 3. 

c. 9x10 = 90. 

d. lOx 13 = 130. 



•. 4x8 = 32. 



2. Which of these sentences can be completed by a wholemumber missing 
factor? 



a. 6 X [1 = 30. 



f. 3 X = 0. 



b. 6xQ = 35. 

c. 0x9 = 99. 

d. 0x0= 10. 
a. 2x0=2. 



0. 6x0 =64. 
h. Ox 12 = 13. 

1. 0x15 = 0. 
j. 4x0= 152. 



3. For each division sentence write a related multiplication sentence, then 
complete both sentences. 

a. 8-^2=151. 8=12x2 (or 8 = 2xS)). 



b. 6-6=0. 

c. 12-1 =0. 

d. 0 - 8 =0. 

a. 55 - 1 1 = O. 



4 . Which whole numbers will complete this sentence? 

0x0 = 0. 



5. Complete these sentences with whole numbers. In each case use the 
smallest possible whole number for the A. In each sentence the number used 
for the A should be less than the given factor. 



a. 62 = (7x(S)+ A. 



b. 6 = (4x0) + A. 

c. 5 = (7xQ+A. 
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d. 55 = (llxM) + A. 
•. 57 = (7x ,.) + A. 



PROPERTIES OF DIVISION 

In the new mathematics programs, children learn not only the mean- 
ing of addition and multiplication but also the properties of these 
mathematical operations. Two important properties of addition and of 
multiplication are the associative property and the commutative 
property. 



Associative and Commutative Properties 
OF Multiplication and Addition 



Operation 


Associative Property 


Commutative Property 


Multiplication 


For all whole numbers 
a, A, and c, 

(axb)xc = ax{bxc). 


For all whole numbers 
a and b, 

axb = bxa. 




Example: 

(3 X 6) X 4 = 3 X (6 X 4). 


Example: 

12x7 = 7x 12. 


Addition 


For all whole numbers 
a, b, and c, 

(a + b) + c = a + (b + c). 


For all whole numbers 
a and b, 

a + b = b + a. 




Example: 

(3 + 6) + 4 = 3 + (6 + 4). 


Example: 

12 + 7 = 7 + 12. 



Does division have these properties also? Let us consider two 
examples; 

1. /.9 division commutative^] For example, does 12 -r- 4 = 4 -r- 12? 

Clearly 12 -r- 4 = 3 because 3 completes the sentence “12 = □ x 4.” But 
“4 -T- 12” is not a name for 3; in fact it is not a name for any whole 
number, becau.se no whole number fits the sentence 12 xD = 4. 
So 12 -T- 4 4 -T- 12. (Using rational numbers, we would find that 

12 -T- 4 = 3 and 4 -r- 12 = y; and yet, here too, 4 -r- \2 4 12 -r- 4.) 

This exception (although there are many others) is sufficient to show 
that division is not commutative. (For division to be commutative, it 
would be necessary that a b = h a [or all whole numbers a and b.) 

2. Is divmon a.K.wciativel 

For example, does 16 -r- (8 -r- 2) = (16 -r- 8) -r- 2? 

16- (8-2)= 16^4 = 4, 
but 

( 16 ^ 8)- 2 = 2 - 2 = 1 . 
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So, 16 -f- (8 -f- 2) (16 -i- 8) -f- 2, showing that division is not associa- 

tive. (For division to be associative it would be necessary that 

{a -i- b) -i- c = a -i- (b -i- c) 
for all whole numbers a, b, and c.) 

Notice, however, that there are special cases which could con- 
fuse children. For example, does (16 -i- 8) -i- I equal 16 -i- (8 -i- 1)? Yes. 
A child might say, “Division is sometimes associative.” However, we 
may apply the terms associativity or commutativity only when 
these properties hold in all cases. A single exception is sufficient to show 
that an operation is not commutative (or associative), but specific ex- 
amples can never show that an operation /j commutative (or associative). 

We have come to the same conclusions about division as we 
did about subtraction; neither is commutative, neither is associative. 



Exercise Set 3 

1. Insert “=” or whichever applies, in each circle. 

a. 6 -s- 2 Q 2 - 6. 

b. (6h-2)h- I Q6h-(2h- I). 

c. (16 h-4)h- 2 Qi6h-(4h-2). 

d. (12 H- 6)x2 Q 12 H- (6x2). 

a. I2 x(6h-2) Q (12x6) ^2. 

2. Insert parentheses to make each sentence true. 

a. 8 H- 4x2 = I. 

b. 8 H- 4 H- 2 = 4. 

c. 12-3 + I =3. 

d. 12 - 3 - I = 3. 
a. 12 - 3x2 = 2. 

ZERO AND ONE IN DIVISION 

We have already noted that the numbers 0 and 1 play special roles in 
multiplication. 
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Multiplication Property 

OF r 


Multiplication Property 
OF 0 


For every whole number a. 


For every whole number a. 


a X I = a and I .x a - o. 


axO = 0 and Oxa = 0. 


Examples: 


Examples: 


5 X I 5. 


5x0 - 0. 


1 X 16 - 16. 


Ox 16 = 0. 



These special properties lead to some interesting facts about 0 and 1 
in division. They are probably best communicated to children through 
examples and exercises. 



One in Division 

The multiplication property of 1 leads to such sentences as 5 x 1 =5, 
1 X 16 = 16, 1 X 2 = 2, 65 X 1 = 65, etc. From each of these multiplica- 
tion sentences, two division sentences may be derived. 



5x1 =5 


leads to 


5 - 


5 = 1 


and 


5-1=5. 


1 X 16 = 16 


leads to 


16 ^ 


16 = 1 


and 


16 - 1 = 16. 


1x2 =2 


leads to 


2 - 


2 = 1 


and 


2-1=2. 


65x1 =65 


leads to 


65 - 


65 = 1 


and 


65 - 1 = 65. 



These results suggest two generalizations. 

1. The fact that 5^5 = 1,16^ 16 = 1, etc., suggests that any whole 
number divided by itself yields I . 

Actually, we shall see in the next section that there is one exception. 
We do not have 0^0= 1. In fact we shall see that the expression 
“0 ^ 0,” and indeed any expression “a ^ 0,” is meaningless. 

2. The fact that 5 ^ 1 = 5, 16 ^ 1 = 16, etc., suggests that any whole 
number divided by I yields the given whole number. 

These generalizations govern the role of 1 in division. They can be 
derived from the multiplication property of 1. 



For any whole number a, 
ax \ = a. 



For any whole number a, 
except 0, 

a a = I. 



For any whole number a, 
a -i- I = a. 



Zero in Division 

The number 0 can appear in division exercises in three ways: 
(1 ) 0 divided by some other number 
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(2) Some other number divided by 0 

(3) 0 divided by 0 

We shall investigate these three possibilities, relying always on the mul- 
tiplication properties of 0: 



For every whole number a, 
axO = 0 and Oxa = 0. 



If neither a norf> isO, 
then a xf> cannot beO. 



(1) 0 divided by some other number 

The problem here is to decide what numbers, if any, are named by 
expressions such as “0 4,” “0 12,” “0 ^ 1,” “0 ^ 75.” 

Earlier in this chapter we found what number is named by an expres- 
sion such as 20 5. To do that, we relied on the missing-factor ap- 
proach to division. Thus, 20 5 is that number (there is only one such 

number) which, when multiplied by 5, gives 20. 

5 X □ = 20. 

Since 5 x 4 = 20, then 20 5 = 4. 

(Note that 5, multiplied by any number other than 4, cannot yield 20 
as the product.) 

In the same way, 0 h- 4 is that number (there is only one such num- 
ber) which, when multiplied by 4, gives 0. 

4xD = 0. 

Since 4 x 0 = 0, we have found that 0 h- 4 = 0. 

(Note that 4, multiplied by any number other than 0, cannot yield 0 as 
the product.) 

Similarly, by completing 

12xD = 0, lxD = 0, 25xD = 0, 

we find that 

0-12 = 0, 0 1 = 0, 0 25 = 0. 

(Notice thal^we have avoided 0-0; this special case is handled later.) 

These examples suggest that “0 divided by any whole number (except 
0) yields 0.” More formally stated: 

For any whole number a,if a = 0 then 0 ^ a = 0. 

This generalization arises from the fact that there is one and only one 
missing factor in any sentence of the form a x □ = 0 (where a * 0). 
This missing factor is the number 0 itself. 

(2) Some number, other than 0, divided by 0 

The problem here is to decide what numbers, if any, are named by ex- 
pressions such as “4 - 0,” “8 h- 0,” “1 ^ 0,” “24 - 0.” 
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Again, we use the missing-factor definition of division to investigate 
the problem. If 8 0 is a number, it must be a number which, when 

multiplied by 0. yields 8. 

OxD = 8. 

But no whole number can make this true, since 0 times any whole 
number is 0. So 8 -r- 0” does not name a whole number; the expression 
“8 -T- 0” is meaningless. 

Analyzing 4 -r- 0, 1 -r- 0, and 24 -r- 0 iead.s to the sentences 

OxD = 4, 0xD=l, OxD = 24. 

No numbers can make these sentences true, because the product of 0 
and any number must be 0. Thus, the expressions “8 0,” “4 0,” 

1 T- 0, 24 -T- 0, etc., are meaningless. These examples suggest that 

division by zero is meaningless. Before we can assert this generalization, 
we must investigate the possibility of dividing 0 by 0. 

(3) 0 divided by 0 

The problem here is to decide what number, if any, is named by the 
expression “0 -r- 0.” 

Using the missing-factor definition of division, 0-^0 would be a 
number which, when multiplied by 0, yields 0. 

0 X D = 0. 

Are there any such numbers? Unfortunately every whole number will 
fit this sentence. 

0x[0l=0, 0x(ll=0, 0x(2]=0, etc. 

These equalities suggest that 0 0 is 1, 2, 3, ... . However, “0 -h 0” 

can’t be the name of every whole number because, for example, if we 
had 0 -7-0 = 4 and 0 -r- 0 = 6, we would obtain the inconsistency 4 = 6. 
So “0 -7- 0” is not the name of a unique number, and therefore “0 -t- 0” 
is given no meaning at all. 

We may now assert a general fact of arithmetic: 

Division by 0 is meaningless. 

We might remark here that division by 0 will remain meaningless 
even when other numbers, such as the negative and rational numbers, 
are considered. 



Exercise Set 4 

1 . If an array has 9 rows and 9 dements altogether, how many columns does 
it have? What division sentence expresses this result? 



Division 



2. Which of these expressions name(s) the number 0? 

a. 0-^7 c. 9-0 •.0-4-0 

b. 14 - 14 d. 1 X 0 I. 0 -r 1 



3. Which of these expressions name(s) a whole number? 

a. 6-4-4 c. 0-4-a a. 0-4-0 

b. 8 - 4 - 16 d. 6 - 4 - 0 f. 13 - 4 - 3 



SUMMARY 

Subtraction and division are similar because they are similarly related 
to addition and multiplication, respectively. Consequently, they have 
similar properties. Because 0 plays a special role m multiplication, 
0 piays a special role in division. 

To summarize: What does “8 -4- 2” mean? 8 -4- 2 is the unique number 
that fits the sentence 

2xD = 8. 

If the product of two factors is divided by one of these factors, 

the quotient is the remaining factor. 

Division is neither commutative nor associative. 

Any number (except 0) divided by itself yields the quotient I . 

Any number divided by I yields that number. 

0 divided by any number (except 0} yields 0. 

Division by 0 has no meaning. 
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ADDITION AND SUBTRA 
ALGORITHMS 



1 . What is meant by computet 

2. What is meant by algorithm! 

3. How do we justify the traditional addition algorithm? 

4. How do we justify the traditional subtraction algorithm 7 



OPERATIONS AND COMPUTATION 

We have seen that addition assigns to any pair of numbers, a and b, 
a number, a + b, called their sum. A definition was given in terms of 
sets: 

For any two whole numbers, a and b, let A and B be disjoint 
sets such that n{A) -■ a and n{B) = b. Then 

a + b = n{A\J B). 

By using this definition, it is possible to derive the fundamental prop- 
erties of addition; 

\.a + b = b + a (commutative property) 

2. {a -i- b) h c = a + {b + c) (associative property) 

3. a + 0 = a (addition property of 0) 

Subtraction can also be defined in terms of sets: 

Suppose the whole number a is greater than, or 
the same as, the whole number b. Now let A be 
a set such that n{A ) = a, and let B be a subset 
of A such that n{B) = b. Then a - b is 
the number of elements in A which are not in B. 

We have seen that this definition is equivalent to defining subtraction in 
terms of addition. If a and b are whole numbers, with a greater than or 
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the same as 6, then there is a whole number c such that a = b + c. 
Furthermore, if A and B are the sets described above, c is the number 
of elements in set A which are not in set B. Thus, we can define a - b 
to be the number c such that a = b + c. 

This chapter will present computational techniques related to addi- 
tion and subtraction. However, before going into the techniques, let’s 
be certain that we understand the nature of computation. The sum of 
3 and 5 may be denoted by 

3 + 5. 

But we memorize a standard name or symbol for this number, namely 

8 , 

and we write 

3 + 5 = 8. 

The sum of 432 and 359 may be denoted by 

432 + 359. 

We know ihat there is a standard name for this sum, too. However, 
we hardly care to memorize it. Instead, by making use of (1) the de- 
sign of the numeration system, (2) the combinations that we have 
memorized, and (3) the properties of the addition operation, we can 
derive schemes called algorithms (or algorisms) for readily determining 
such standard names. The determination of standard names is the es- 
sence of computation. We begin with a certain name for a number and 
proceed to the standard name. Because of this, some people refer 
to computation as a name-changing process. 



ADDITION COMPUTATION 

Our numeration system has two main features— it is a place-value, or 
positional, system; and its base is ten. The first of these features is the 
n^ore important as far as computation is concerned. We might say that 
it is this aspect of the numeration system that allows us to ”do what we 
do” in computation. 

Let us recall that the numeral 457, for example, in the base- 
ten numeration system means 

(4xl0^ + (5xl0) + (7xl). 

Actually ”457” can be thought of as an abbreviation for this “expanded 
form.” Of course, children who have not studied multiplication and ex- 
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poncnts are not yet ready for the above form, but they can write 457 
as 

4 hundreds + 5 tens + 7 ones 



or as 

400 + 50 + 7. 

Also, given either of the latter forms, they should recognize it as a name 
for the number 457. 

As a first illustration of what is involved in computation, consider 
the sum 

15 + 8. 

Because of the way our numeration system is set up, we know that 
15 = 10 + 5. Hence, we can write 

15 + 8 = (10 + 5) + 8. 

By applying the associative property, we have 

(10 + 5) + 8 = 10 + (5 + 8). 

Now, children usually learn that 5 + 8 is the same number as 13 and 
that 13 is the same number as 10 + 3. So we have 

10 + (5 + 8) = 10 + (10 + 3); 

and another application of the associative property gives 

10 + (10 + 3) = (10 + 10) + 3. 

Finally, since 10 + 10 = 20, we arrive at 

(10 + 10) + 3 = 20 + 3 = 23. 

Summarizing: 

15 + 8 = (10 + 5) + 8 
= 10 + (5 + 8) 

= 10+13 
= 10 + (10 + 3) 

= (10 + 10) + 3 
= 20 + 3 
= 23. 

In computing a sum such as 

43 + 25. 

we first use our knowledge of the decimal numeration system to re- 
name 43 and 25 thus: 

43 + 25 = (40 + 3) + (20 + 5). 
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We know that the associative and commutative properties allow us to 
rearrange the addends: 

(40 + 3) + (20 + 5) = (40 + 20) + (3 + 5). 

Since 40 + 20 = 60 and 3 + 5 = 8, the sum is 60 + 8, or 68. We can 
display our work as follows; 

43 + 25 = (40 + 3) + (20 + 5) 

= (40 + 20) + (3 + 5) 

= 60 1-8 

= 68 . 

This is but one of the systematic procedures or algorithms for comput- 
ing a sum. 

The above explanation should raise one important question; From 
what has been said, how do we know that 40 + 20 = 60? A complete 
explanation of this can rest on the distributive property (which has not 
yet been discussed) and on the facts that 40 means 4x10 and 20 means 
2 X 10. But when this question first arises in the elementary school, mul- 
tiplication need not be involved. At this stage the children interpret 40 
as 4 tens (that is, the number for 4 “bundles,” each bundle consisting of 
ten objects.) Since 40 is 4 tens and 20 is 2 tens, 40 + 20 is 6 tens or 60. 
Some time should be spent on sums of this sort before going into ex- 
amples of the type being discussed above. Likewise, before considering 
sums such, as 327 + 253 it is necessary to discuss sums of multiples oT 
100. We’ll assume in what follows that the necessary work with mul- 
tiples of 10 and 100 has been done. 

Let us return to the sum 43 + 25. Once we realize that we can re- 
arrange addends as we please because addition is both commutative and 
associative, it is easy to devise other ways of displaying our work. The 
form shown below is slightly more compact; 

43 = 40 + 3. 

25 = 20 + 5. 

60 + 8 = 68. 

Bear in mind, however, that although it is not apparent that com- 
mutativity and associativity have been used when the work is 
shown this way, justification of this form rests on these two properties. 

It is, of course, possible to shorten the work further. We might still 
think exactly as above, but simply write; 



43 




43 


25 




25 


60 


or 


8 


8 




60 


68 
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Finally, we might show the work in the extremely compact 
form familiar to all: 

43 

25 

68 

It is important that we do not move to the compact form too quickly in 
teaching children. The process tends to become purely mechanical for 
far too many elementary school children. If one of the longer forms is 
used, a child is compelled to think about what is being written. 
The short form should be introduced only when we feel that the child 
thoroughly understands the important ideas that underlie the addition 
computation. Even when he finally uses the short form, he should re- 
main aware of the basic ideas on which the process rests. 

As a further illustration of what is involved in computation, let us 
consider the sum ^ 

In analyzing this for a child, we might begin with two sets of physical 
objects. 



We have (2 tens + 8 ones) + (5 tens + 7 ones). 




Regrouping gives us (2 tens + 5 tens) + (8 ones + 7 ones). 
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We realize that the 15 ones can be grouped to produce another ten 
and still leave five ones. The ten is put with the other 7 tens. 




Since we now have 8 tens + 5 ones, we say that the computed sum is 85. 

Displaying this reasoning in a fashion similar to the earlier example, 
we have: 

28 + 57 = (20 + 8) + (50 + 7) 

= (20 + 50) + (8 + 7) 

= 70+15 
= 70 + (10 + 5) 

= (70 + 10) + 5 
= 80 + 5 
= 85. 

You should recognize that so-called “carrying” is nothing more than 
regrouping— that is, an application of the associative property. This 
takes place in moving from the fourth line to the fifth in the 
above display. 

Here again, the work can be displayed more briefly: 

28 = 20 + 8 
57 = 50 + 7 
70+15 
70 <- — * I 

10 + 5< 1 

80 + 5 = 85 

After we are sure that the children understand the underlying concepts, 
we can suggest that they use either of the following forms; 
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Eventually, we encourage a child to think, “8 + 7 is 15. I’ll write down 
the 5 and remember 10. Then 10 + 20 + 50 is 80.” All that would ap- 
pear on the paper is 

28 

57 

85 



Let’s consider one more example of an addition computation. Here 
are several different ways of displaying the work in computing 283 f 
54 + 105. Remember that no matter how much or how little we actually 
write, the reasoning is essentially the same. 



1. 283 + 54 + 105 = (200 +80 + 3) + (50 + 4) + (100 + 5) 

= (200 + 100) + (80 + 50) + (3 + 4 + 5) 
= 300+ 130+ 12 
= 300 + (100 + 30) + (10 + 2) 

= (300 + 100) + (30 + 10) + 2 
= 400 + 40 + 2 
= 442. 



2 . 



283 = 200 + 80 + 3 
54 = 50 + 4 

105 =100 +5 

300+ 130 + 12 = 



300< 1 

100 + 30 ^ 

10 + 2 < 

400 + 40 + 2 = 442. 



300 + (100 + 30) + (10 + 2) 
(300+ 100) + (30+ 10) + 2 
400 + 40 + 2 
442. 



283 


4. 


283 


54 




■54 


105 




105 


12 




442 


130 






300 






442 







The concepts at the heart of computation are brought out best by the 
first form shown. You will note that, as in the preceding examples, we 
(1) made use of what we know about our numeration system, (2) relied 
on previously memorized facts, and (3) used the properties of addition. 
Once again, it is important that children understand these underlying 
ideas before using a shorter form for computation. 
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Exorcise Set 1 

1. Below is shown the computation of 53+15 and 27 + 35. Fill in 
the frames correctly: 

a. 53+ l5 = (50 + 3) + (IO+D) 

= (50+A) + (3 + 5) 

= 60 + 0 

= 68 . 

b. 27 + 35 = (□+ 7) + (30 + A) 

= (□+ 30) + (7 + A) 

= 50+12 
= 50 + (0 +2) 

= (50 + 0 ) + 2 
= 60 + 2 
= 62. 

2. Compute each of the following sums by using a form like that displayed 
in the above exercise. 

a. 19 + 67 



b. 173 + 8 



c. 231 + 36 



d. 97 + 24 



a. 208 + 523 
f. 145 + 278 



SUBTRACTION COMPUTATION 

We shall now see that the same general ideas apply to subtraction. 
Subtraction has bee-* defined in such a way that if we know addition 
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“facts,” then we know subtraction “facts.” For example, the number 
that completes 

1 -2 = U 



so as to form a true sentence is, by definition, the same as the number 
that completes 

7 = □ + 2. 

Thus, since? = 5 + 2, we can write 7-2 = 5. Similarly, we can write 
15-8 = 7 because 15 = 7 + 8. 

Determining the standard name for 39 - 15 is almost as easy. We 
know that 39 means 3 tens + 9 ones, while 15 means 1 ten + 5 ones. 
We also know that 39 - 15 is that number which, added to 15, gives the 
sum 39. So we wish to complete the following: 

(1 ten + 5 ones) + (A tens + ^ones) = 3 tens + 9 ones. 

By using the commutative and associative properties of addition, we 
can rearrange the terms as follows: 

(1 ten + A tens) + (5 ones + ones) = 3 tens + 9 ones. 

The easiest way to find correct numbers for the frames is to complete 
the two sentences 

1 ten + A tens = 3 tens, and 5 ones + ^ones = 9 ones. 

Using 2 for the A correctly completes the first sentence, while inserting 
4 for the correctly completes the second sentence. Hence 39 - 1 5 is 
2 tens + 4 ones, or 24. The work can be arranged in a fashion similar 
to that for addition: 

39 = 3 tens + 9 ones 
- 15 = 1 ten +5 ones 

2 tens + 4 ones = 24 
or 

39 = 30 + 9 
- 15 = 10 + 5 

20 + 4 = 24 

Now consider this number sentence: 



63 - 28 = □. 



This is equivalent to 

28 + □ = 63. 

Or we could write 

(2 tens + 8 ones) + (A tens + ^ ones) = 6 tens + 3 ones. 

Now if we follow the same procedure as in the preceding example, we 
arrive at the two sentences 

2 tens + A tens = 6 tens, and 8 ones + ^ ones = 3 ones. 



— 100 — 



Addition and Subtraction Algorithms 



Unfortunately, the latter sentence cannot be completed with a whole 
number. However, once more the associative property comes to our aid. 
Since 

6 tens + 3 ones = (5 tens + 1 ten) + 3 ones 
= 5 tens + (1 ten + 3 ones) 

= 5 tens + 13 ones, 

we have 

(2 tens + 8 ones) + (A tens + () ones) = 5 tens + 13 one.s. 

We then have 

(2 tens + A tens) + (8 ones + () ones) = 5 tens + 13 ones. 

from which we derive the two sentences 

2 tens + Atens = 5 tens, and 8 ones + () ones = 13 ones. 

We complete these sentences with 3 for the A and 5 for the and con- 
clude that 63 - 28 is 3 tens + 5 ones, or 35. As before, this can be dis- 
played in different ways; 

63 = 6 tens + 3 ones = 5 tens + 13 ones. 

- 28 = 2 tens + 8 ones = 2 tens + 8 ones . 

3 tens + 5 ones = 35. 

63 = 60 + 3 = 50 + 13. 

- 28 = 20 + 8 = 20 + 8. 

30 + 5 = 35. 

Even if a child continues to think of subtraction in terms of a set and 
one of its subsets, he will arrive at essentially the same process. In the 
example above, he would begin with a set (call it /4) of 63 objects; 




After regrouping, it is easy to identify a subset (call it B) of 28 objects; 
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Then the set of objects in A but not in B consists of 3 tens + 5 ones, or 
35 objects. Notice that if a child thinks of subtraction in this way, he 
can still display his work in either of the forms above. 

Below is one more illustration of a subtraction computation; 

423 - 157 

423 = 400 + 20 + 3 = 400 + 10 + 13 = 300 + 1 10 + 13. 

- 157 = 100 + 50 + 7 =100 + 50 + 7 =100 + 50 + 7. 

200 + 60 + 6 = 266. 

The child who displays the computation in this form is much less likely 
to lose sight of the ideas involved. Of course, he should eventually get 
to the point where he writes only; 



3 II I 

// 3 
- 1 5 7 
2 6 6 

But this should come after considerable work on the basic con- 
cepts, and even then he should be able to explain his work if called upon 
to do so. 



Exercise Set 2 

Use expanded notation to compute the following differences. 

1 . 78 - 23 

2 . 63-7 

3 . 52-39 

4. 348 - 92 

5 . 403 - 126 

6 . 500 - 278 



The subtraction algorithms discussed above are perfectly general. 
They are applicable to all subtraction problems concerned with whole 
numbers. There are shortcuts, however, that one who is observant can 
often use. Many children are capable of learning the underlying ideas 
for such shortcuts and will be on the lookout for a chance to apply them. 
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We shall discuss one useful idea here. To introduce this idea, let us con- 
sider two persons whose ages are 17 and 12. The difference between 
their ages is 5. What will be the difference in their ages 14 years from 
now? 25 years from now? Of course the difference will still be 5, no mat- 
ter how many years from now we want to consider. This, then, is saying 
that 

17 - 12 = (17 + 14)- (12+ 14) 
or 

17 - 12 = (17 + 25) -(12 + 25) 

or in general 

17- 12 = (17 + c) -(12 + c), 
where c is any number. 

In fact, we could say that if a is a number greater than or the same as 
a number b, tiien 

a - b = (a + c) - {b + c) 

for any number c. We can express this idea as follows; 

When each of two numbers is increased by the same amount, 
the difference between the resulting numbers is the same as 
the difference between the original numbers. 

How can this idea be used in subtraction computation? The 
usual algorithm for computing the difference 427 - 299 is somewhat 
complicated. However, by using the principle just discussed, it is easy. 
We choose c to be 1, and we have 

427 - 299 = (427 + 1) - (299 + 1) = 428 - 300 = 128. 

It should be clear why c was chosen to be 1 . 

Exercise Set 3 

1. Show an easy way to compute 

a. 629 - 297 

b. 4,384 - 1,995 



2. Some people have learned a different subtraction algorithm. To compute 
53 - 26, they would add 10 to the 3 in 53 and also add 10 to the 2 tens in 
26. So their work would look like this; 



50+ 13 


5 


■3 


30+6 or 


2. 


6 


20+7 =27 


2 


7 



Show that this is Just another way to apply the principle expressed by 

a - 5 = (fl + c) - (6 + c). 
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